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HARNACK INEQUALITY FOR DEGENERATE AND SINGULAR OPERATORS 
OF p-LAPLACIAN TYPE ON RIEMANNIAN MANIFOLDS 


SOOJUNG KIM 


Abstract. We study viscosity solutions to degenerate and singular elliptic equations of 
p-Laplacian type on Riemannian manifolds. The Krylov-Safonov type Harnack inequality 
for the p-Laplacian operators with 1 < p < oo is established on the manifolds with Ricci 
curvature bounded from below based on ABP type estimates. We also prove the Harnack 
inequality for nonlinear p-Laplacian type operators assuming that a nonlinear perturbation 
of Ricci curvature is bounded below. 
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1. Introduction 


In this paper, we prove the Krylov-Safonov Harnack inequality for viscosity solutions 
to degenerate and singular elliptic equations of p-Laplacian type with 1 < p < oo on 
Riemannian manifolds. The p-Laplacian operator A p u = div(|Vi/| / ' 2 V(/) appears in the 
Euler-Lagrange equation of the IP -norm of the gradient of functions, and can also be 
expressed in nondivergence form: 


A ,,u = |V«| P 2 tr 


I + (p-2) 


Vm 


V u \ , 

-1 D-u 


|Vm| \Wu\) 


where a tensor product X ® X for a vector field X over a Riemannian manifold M is a 
symmetric bilinear form on TM defined by X ® X ( Y,Z ) := (X, Y) (X,Z) for Y. Z e TM. 
Along the lines of a fundamental work of Yau 13, differential Harnack inequalities for 
p-Laplacian operators have been obtained in IIKN1 IWxZl on Riemannian manifolds with 
Ricci curvature bounded below. For divergence form operators, the De Giorgi-Nash-Moser 
Harnack inequality was extended for uniformly parabolic operators in iGlISCII , and for the 
p-Laplacian operators in fHliRSV I on Riemannian manifolds satisfying certain properties: 
a volume doubling property and a weak version of Poincare’s inequality. 


l 
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Cabre BCal in his remarkable paper investigated the Krylov-Safonov type Harnack in¬ 
equality for uniformly elliptic operators on Riemannian manifolds by establishing the ABP 
type estimates. The ABP estimate is a cornerstone of the Krylov-Safonov regularity theory, 
which is proved using affine functions in the Euclidean space; refer to ICC II for instance. 
In the Riemannian setting, Cabre used the squared distance function as the appropriate 
replacement for affine functions to derive the ABP type estimates on Riemannian mani¬ 
folds with nonnegative sectional curvature. The idea of sliding paraboloids was also used 
by Savin (SJ to show the ABP type measure estimate for small perturbation solutions in 
R"; see also M- The sectional curvature assumption of Cabre’s result was weakened 
into the certain conditions on the Hessian of the distance function in (K|, which gave in 
particular a new proof of the Harnack inequality on Riemannian manifolds with nonneg¬ 
ative Ricci curvature. Recently, Wang and Zhang IIWZI studied the ABP type estimates 
and a locally uniform Harnack inequality for uniformly elliptic operators on the manifolds 
with sectional curvature bounded below. The Harnack inequality for viscosity solutions to 
uniformly parabolic equations on Riemannian manifolds has been obtained in IKKLIlKLl . 

This paper deals with the Harnack inequality for viscosity solutions to the p-Laplacian 
type equations with 1 < p < oo on Riemannnian manifolds employing the ABP type 
method. To study the ABP type estimates, we slide the ^j-th power of the distance func¬ 
tion from below, which is the squared distance in the special case p = 2, and introduce the 
p-contact set adapted to the p-Laplacian operator (see Definition 14. H . Let d y denote the 
Riemannian distance from a point y e M. For u e C(Q) and a compact set E c M, the 
72 -contact set associated with u and the vertex set E is defined by 

[E\ Q; uj : = jx € Q : By e E such that inf |m + -- dy j = u(x) + - - dy 1 (x) j . 

Then it is shown in Proposition l4.2l that a vertex pointy 6 E associated with a contact point 
x e O with nonvanishing gradient of u is given by 

y = exp t |Vm| p ~ 2 Vm(x) =: <J» p (x). 

By estimating an upper bound of the Jacobian determinant of the map <J> p (x) over the 72 - 
contact set, we prove the ABP type estimate for the degenerate cases p > 2 in Theorem 
14.41 stating that the measure of the vertex set is bounded by the integral over the p-contact 
set in terms of the p-Laplacian operator, provided that Ricci curvature of the underlying 
manifold is bounded below. This generalizes IIWZI Theorem 1.2], the case p - 2. For 
1 < p < 2, the p-Laplacian operator becomes singular when the gradient vanishes. To 

p-2 

cope with singularities, we make use of a regularized operator (|Vm| 2 + b) 2 yVf~_, , (D 2 u) 
for 5 > 0, which has been considered in | DFQ1 ] [ACPI for the Euclidean case. This leads 
to introduce a regularized map 

P~ 2 

x i-> exp A . (|Vti | 2 + 2 Vm(x) =: <l> p ,a(x) (6 > 0), 

which lies on the minimal geodesic joining x to y = exp r |Vw| p ~ 2 Vw(x) = cD^fx) at time 

( yTmFhi) f° r t ^ le contact point x with nonvanishing gradient of u. A uniform Jacobian 
estimate of (D,,,, over the p-contact set with respect to 5 > 0 will imply the ABP type 
estimate for singular cases in Theorem l4.8l Based on the ABP type estimates, a locally 
uniform Harnack inequality for the p-Laplacian operators is established by means of the 
volume comparison and the Laplacian comparison on Riemannian manifolds with Ricci 
curvature bounded below. More generally, we are concerned with the nonlinear degenerate 
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and singular equations of /i-Laplacian type 

| Vu\ p - 2 F(D 2 u) + (b, Vm> |Vm| p ~ 2 = /, 

where F is a uniformly elliptic operator and h is a bounded vector field over M. From HU, 
we recall the Pucci operator of the Ricci transform; for 0 < A < A < oo, and for any x e M 
and any unit vector e e T X M, 

MT aa W c )) : = A Yj K ‘ + *«’ 

Kj< 0 Kj> 0 

where k, are the eigenvalues of the Ricci transform R(e). Note that yVl [ ^R{e)) = Ric(e, e). 
We refer to Section [2] for the definitions. In place of the Ricci curvature bound, we as¬ 
sume that M~ lA (R(e)) is uniformly bounded below for any unit vector e e TM when we 
study qualitative properties for viscosity solutions to the nonlinear degenerate and singular 
equations of p-Laplacian type. 

We would like to mention related results on estimates for the p-Laplacian type opera¬ 
tors. In the Euclidean space, the ABP estimates for the p-Laplacian type operators have 
been obtained in |DFQ1| [I] ACPI on the basis of the estimates over a contact set by the 
affine functions. A recent work by Imbert and Silvestre El addresses the Holder estimates 
and Harnack inequality for viscosity solutions satisfying a uniformly elliptic equation only 
at points where the gradient is large. In the proof the ABP type measure estimates, they 
used genuinely a cusp, the square root of the distance which corresponds to the case p — — 1 
in our setting. Assuming the Pucci operator of Ricci transform to be bounded below, their 
method can be applied to Riemaninian manifolds with the use of the argument in Proposi¬ 
tion [42] 

Our approach in this paper yields a different proof involving more intrinsic geometric 
quantities to the geometry of the /j-Laplacian operators on Riemannian manifolds with 
Ricci curvature bounded below. It can also be adapted to show a parabolic analogue of the 
ABP type estimate by using a generalized Legendre transform with respect to the ^rj-th 

_ _P_ 

power of the distance in the singular cases 1 < p < 2 as in I1KKLM since df' is twice 
differentiable on M \ Cut(v). 

Now we state our main results as follows. Throughout this paper, let (M, g) be a smooth, 
complete Riemannian manifold of dimension n, and Br(z.q) denote a geodesic ball of radius 
R centered at zo- 


Theorem 1.1 (Harnack inequality). Let 1 < p < oo, and Ric > — (n - 1 )xfor k > 0. For 
Zo G M and 0 < R < Ro, let u be a nonnegative viscosity solution to 

A p u = / in B 2 r(z 0 ). 


Then 


Br(z o) 


sup u < c | fi inf) u + Rr-' \\f\\[~ (B2R ( Zo)) ], 


where a constant C > 0 depends only on n, p, and s/kRq. 


In particular, when Ricci curvature of the underlying manifold is nonnegative, the above 
Harnack inequality is a global estimate, which implies the Liouville theorem. 

Corollary 1.2. Let 1 < p < oo, and Ric > 0. Ifu is a viscosity solution to A p u - 0 in M, 
which is bounded from below, then u is a constant function. 

As a consequence of the Harnack inequality, we have a locally uniform Holder estimate 
for viscosity solutions to the p-Laplacian equations. 
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Corollary 1.3 (Holder estimate). Let 1 < p < oo, and Ric > —(n - 1 )k for k > 0. For 
Zo € M and 0 < R < Ro, let u be a viscosity solution to A p u = f in B 2 r(zo). Then 

R a [u]c“(B R (z o)) ^ C (||m|Iz.“( j B 2 r(zo)) + Rp l ll/llL”(f( 2R (;; 0 ))) ’ 
where the constants a 6 (0,1) and C > 0 depend only on n, p, and \[kRq. 

We also obtain similar results for nonlinear p-Laplacian type operators. 

Theorem 1.4 (Harnack inequality). Let 1 < p < oo, and M\ A {R(e)) > -(n - \)k with 
k > 0 for any unit vector e 6 TM. Let zo € M and 0 < R < Ro- For /3 > 0 and Cq > 0, let u 
be a nonnegative viscosity solution to 


(1) 

( \Vur 2 Ml K (D 2 u)-p\Vur ] < Co 

in B 2 r(zo), 

{ \Xi<r 2 Ml A (D 2 u) + y 6|V«r 1 > -Co 

in B 2 r(zo)- 

Then 

/ p — 

sup u < C inf u + R p-' C'' 

B R (z o) 

')• 


where a constant C > 0 depends only on n, p, x/kRo, A, A, and/3 Rq. 

Corollary 1.5 (Holder estimate). Let 1 < p < oo, and M\ A (R(e)) > —(n — l)/c with k > 0 
for any unit vector e € TM. Let zo € M and 0 < R < Rq. For /3 > 0 and Cq > 0, let u be a 
viscosity solution to (□. Then 

R a [u]c°(B R ^)) < C (||m||z.“(2j 2JJ (z 0 )) + R—'C[{' j, 

where the constants u 6 (0,1) and C > 0 depend only on n, p, yfi<Ro, A, A, andPR q. 

The rest of the paper is organized as follows. In Section [2] we collect some of the 
known results on Riemannian geometry that are used in this paper. In Section [3] we study 
the properties of the adapted viscosity solutions to singular elliptic equations, and recall a 
regularization by Jensen’s inf-convolution on Riemannian manifolds. Section[4]is devoted 
to the proof of the ABP type estimates for degenerate and singular operators of the p- 
Laplacian type with 1 < p < oo. Section |5]contains the proof of the //-estimates by means 
of a barrier function and the volume comparison. In Section [6] we prove the Harnack 
inequality. 


2. Preliminary: Riemannian geometry 

Let ( M,g ) be a smooth, complete Riemannian manifold of dimension n, equipped with 
the Riemannian metric g. A Riemannian metric defines a scalar product and a norm on 
each tangent space, i.e., (X,Y) x g x (X,Y) and \X\ 2 x (X, X) x for X, Y e T X M, where 

T X M is the tangent space at x 6 M. Let df, •) be the Riemannian distance on M. For a 
given point y e M, d y (x) stands for the distance to x from y, namely, d y (x) d(x,y). A 
Riemannian manifold is equipped with the Riemannian measure Vol = VoL on M which 
is denoted by | • | for simplicity. 

The exponential map exp : TM —> M is defined as 

exp t X := y x?x ( 1), 

where y Xt x : R —> M is the unique geodesic starting at x e M with velocity X e T X M. 
We note that the geodesic y x x is defined for all time since M is complete, but it is not 
minimizing in general. This leads to define the cut time t c {X)\ for X 6 T X M with \X\ - 1, 

t c (X) := sup {f > 0 : exp t sX is minimizing between x and exp t tX\. 
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The cut locus of x € M, denoted by Cut(x), is defined by 

Cut(x) := {exp x t c (X)X : X e T X M with |X| = 1}. 

Let & x := {tX e T X M : 0 < t < t c (X), X e T X M with |X| = 1), and S := {X e TM : X e 
S x , x e M }. In fact, the exponential map exp|g : £ —> M is smooth. One can prove that 
for any x e M, Cut(x) = exp r (<3£ r ), M = exp t (£ v ) U Cut(x), and exp t : S x —> exp t (£ c ) is 
a diffeomorphism. We recall that Cut(x) is closed and of measure zero. Given two points 
x and v i Cut(x), there exists a unique minimizing geodesic exp t tX (for X e S x ) joining x 
to y — exp v X, and we will denote X = exp~ 1 (y) in the case. The Gauss lemma implies that 

exp; 1 ^) = -Vd 2 (x)/2, My t Cut(x). 

For a C 2 -function it : M —> R, the gradient Vm of u is defined by (Wit,X) du{X) for 
any vector field X on M, where du : TM —> R is the differential of u. The Hessian D 2 u of 
u is defined as 

D 2 u (X, Y) := <V x Vi i,Y), 

for any vector fields X, Y on M, where V denotes the Riemannian connection of M. We 
observe that the Hessian D 2 u is a symmetric 2-tensor over M, and D 2 u(X, Y) at x e M 
depends only on the values X, Y at x, and u in a small neighborhood of x. By the metric, 
the Hessian of u at x is canonically identified with a symmetric endomorphism of T X M: 

D 2 u(x ) ■ X = V x Vm, MX, Y e T X M. 

We will write D 2 u(x) ( X , Y) = (d 2 u(x) ■ X , for X e T X M. If f is a C 1 -vector field on 
M, the divergence of is defined as div£- tr {X fa X x %} ■ For u e C 2 {M), the Laplacian 
operator An = tr (D 2 u) coincides with div(Vw). 

Denote by R the Riemannain curvature tensor defined as 


R(X, Y )/. — V Y T j /. — V y V y /. — Vy}| 


for any vector fields X, Y, Z on M. For two linearly independent vectors X,Y e T X M, the 
sectional curvature of the plane generated by X and Y is defined as 


Sec(X, Y) 


(R(X,Y)Y,X) 

|X| 2 |Tp-<X,T> 2 ' 


For a unit vector e e T X M, we denote by R(e ) the Ricci transform of T X M into itself defined 
by 

R(e)X : = R(X, e)e MX 6 T X M. 


Note that Ricci transform is symmetric. The Ricci curvature is the trace of the Ricci trans¬ 
form, which can be expressed as follows: for a unit vector e e T X M and an orthonormal 
basis {e, e^,-- ■ , e„) of T X M, 


Ric(e, e) = ^ Sec(e, ej). 
7=2 


As usual, Ric >ronM (k e 1.) stands for Ric t > Kg x for any x e M. When dealing with a 
class of nonlinear elliptic operators, we involve Pucci’s operator of Ricci transform instead 
of the trace operator; for 0 < A < A, and for any x e M and any unit vector e 6 T X M, define 

Mt,AW e )) := A X Ki + A X Kh 

Kj< 0 Ki> 0 


where k, are the eigenvalues of R(e). In the special case when A — A = 1, Pucci’s oper¬ 
ator simply coincides with the trace operator, and hence M\ x (R{e)) - Ric(e, e). Notice 
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that A Ric(e, e) > At, A (R(e)), so a lower bound of /VI, fiR(e)) guarantees one for Ricci 
curvature. 

Now we recall the volume comparison theorem assuming the Ricci curvature to be 
bounded from below. In terms of polar normal coordinates at x e M, the area element of a 
geodesic sphere dB r (x ) of radius r centered at x is written by r" -1 A(r, 6)d6 , where Air, 6) is 
the Jacobian determinant of the map exp t at r6 e T X M. With the use of a standard theory 
of Jacobi fields, the Jacobian determinant of the exponential map has an upper bound 
depending on a lower bound of Ricci curvature; the proof can be found in IIBC1 Chapter 
11]. Bishop-Gromov’s volume comparison theorem relies on the Jacobian estimates, which 
says that the volume of balls does not increase faster than the volume of balls in the model 
space (see also JV)). In particular, the volume comparison implies the (locally uniform) 
volume doubling property. 


Theorem 2.1 (Bishop-Gromov). Assume Ric > -(n - 1 )Kfor k > 0. 

(i) Let x e M, y f Cut(x) U ]x], and y(t) := exp x tf be the minimizing geodesic joining 
x - y(0) to y — y{\) for f 6 S x . For t e [0,1], let J(f) be the differential o/exp r at 
tf 6 T X M, namely, J(f) := dexpftf). Then 


1 1 


det J(t) ■ ,9' ( Vk/|^|) 




is a nonincreasing function of t € (0,1], where A/'fr) := sinh(r)/r/or r > 0 with 
=5^(0) = 1. Furthermore, for t e [0,1] 

. n-l 


0 < det J(f) < ( VkII^i)" ' = 


sinh( yfft\f\) 
yfi< Af\ 


(ii) Let 


V{r) a> nK ^ sinh" 1 (x[i<ijdt Vr > 0, 


( 2 ) 


where V(r) denotes the volume of a ball of radius r in the n-dimensional space form 
of constant curvature —k. Then 

Vol (B r (x)) 

r i-> - 

V(r) 

is a nonincreasing function of r > 0. In particular, for any 0 < r < R 
Vol (B 2r (x)) 


Vol (B,.(x)) 

where D is a so-called doubling constant. 


< 2" cosh" -1 (2 VkR) D, 


One can see that the doubling property (O yields that for any 0 < r < R < Ro, 


(3) 


Vol (B,(x)) ~ \r) 


where D := 2" cosh" -1 (2 y/xRoj . According to the volume comparison, it is not difficult 
to prove the following lemma by a similar argument to the proof of ||TS] Lemma 2.1] (see 
also eci)- 


Lemma 2.2. Let Ric > -(n - l)xfor k > 0 and 0 < R < Rq. Let E c F be two open subsets 
in B r (x) C M. Assume that for some 5 6 (0,1), 

(a) if any ball B c Br{x ) satisfies \E fi B\ > (1 — <5)|B|, then B c F, 

(b) |£] < (1 - d)|Bfi(x)[. 
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Then there exists a constant co 6 (0,1), depending only on n, and s/kRq, such that 

\E\<(l-c 0 6)\F\. 


Using a standard theory of Jacobi fields, the Jacobian determinant of the exponential 
map involving a vector field has the following formula; we refer to IlCal Lemma 3.2] for 
the proof, and see also flCMSft and JV] Chapter 14]. 

Lemma 2.3. Let f be a smooth vector field on M. Define a map f(z) := exp f(z). For a 
given x € M, assume that f(x) e & x , and lety f(x). Then 

d<p(x) ■ X = dexp x (f(x)) ■ {(V£ + D 2 dy /2)(x) ■ x) Vie T X M, 

and 

Jac^(x) = (Jacexp t (£(x))) • |det(V£ + D 2 <i 2 /2) (x)|, 

where Jac f(x) := | det df(x)\, Jac exp t (£(x)) is the Jacobian determinant of the map exp t 
at f(x) e T X M, and Wf denotes the covariant derivative off. 


With the same notation as the lemma above, we define a map fix, t) := exp, tf(x) 
for t e [0,1], and assume that V^(x) is symmetric. From the next lemma, we observe 
that if + D 2 d 2 {y X) /2} (x) is positive semi-definite, then (fXf + D 2 d 2 {x () /2) (x) remains 
positive semi-definite for t e [0,1]. Making appropriate modifications, this fact will play 
an important role when we deal with the approximation of singular operators in Section 
[4] The following lemma can be found in ICMS1 Lemma 2.3]; see also |V] Chapter 14], in 
particular the third appendix. 

Lemma 2.4. Let x e M and y £ Cut(x). Let y : [0,1] —* M be the minimizing geodesic 
joining y( 0) - x to y(l) — y. Then the self-adjoint operator 

D 2 (d 2 YW /2)(x) - t D 2 (d 2 (l] /2)(x) 
defined on T X M is positive semi-definite for t € [0,1]. 

An upper Hessian bound for the squared distance function is proved in [CMS] Lemma 
3.12] using the formula for the second variation of energy provided that the sectional cur¬ 
vature is bounded from below. We quote it as follows. 


Lemma 2.5. Let x,y e M. If Sec > —k (k > 0) along a minimizing geodesic joining x to y, 
then for any X e T X M with |X| = 1, 


lim sup 

t -*o 


d 2 (exp r tX) + d 2 (exp v - tX ) - 2 d 2 (x) 


2 sfi<dy{x) coth ( sfi<d y (xij ■ 


The well-known Laplacian comparison theorem implies that if the Ricci curvature is 
bounded from below by —(n - l)/e for k > 0, then 

A ( d 2 /2(x )) < 1 + (n — 1) sficdfx) coth ( yfxdy (x)) for x £ Cut(y). 

As a generalization, we are concerned with an upper estimate of Pucci’s maximal operator 
for the squared distance function when Mj A (R{e)) has a lower bound. The proof for 
the following lemma uses the formula for the second variation of the energy, and closely 
follows the argument in the proof of HCMSI Lemma 3.12]; see also ||K] Lemma 2.1]. 


Lemma 2.6. For x e M and y £ Cut(x), let y be the minimizing geodesic joining x to y. 
Assume that Mj A (R(e)) > — (n — 1 )k with k > Ofor any unit vector e e T y ( t )M. Then 


M\ A {D 2 d 2 l2(x)) < A + (n- 1)AJ? 
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where M’fr) := rcoth(r)/or r > 0 with J$?{0) = 1. 

Proof. We may assume that x £ Cut(y) U {y} since D 2 d 2 J2(y) - I. Let y : [0, /] —> M 
be the minimizing geodesic parametrized by arc length such that y(0) = x and y(l) = y. 
We introduce an orthonormal basis {e,}" =| on T X M such that e\ = y(0) and {e,}" =1 are 
eigenvectors of D 2 d 2 /2(x) on T X M. Note that a unit vector e\ = -Vd v (x) is an eigenvector 
of D 2 d 2 / 2(x) associated with the eigenvalue 1. By the parallel transport, we extend je,)'.' =| 
to {e,(f)}" =1 along y(f), and define the vector fields 


Xft) = a(t)ei(t), 


for a(t) : = 


sinh ( JxO-t)) 

-h(VP) 


which satisfy X,(0) = e,(0), and XJl) = 0. For small s 6 (-6,6), consider 


YsiO ■= Ms, t) = exp y{f) sXft), 

which connects exp t ,ve, to y. With the help of the Holder inequality, we have that for 
i = 2, • ■ ■ , n and small s e (-d, 5), 


\d 2 (exp^ set) < X - [y' ^ f Q lt*(0l 2 <* =: lE t (s), 


where the equality holds for 5 = 0, i.e., d 2 /2(x) = IE,(()). This implies that 


M^ A (D 2 d 2 /2(x)) - A + sup cij (P 2 d 2 /2(x) • e,-, e,) < A + sup ^ a t l 


A<a,< A 


i=2 


A<a/<A cls~ 


Efs) 


from the definition of of the Pucci operator. Since for each i = 2, • • • n, and t e [0, /], a 
curve s i—> fi(s, t ) is also a geodesic, it follows from the formula for the second variation of 
the energy that 


Ml A (D 2 d 2 /2(x)) - A < sup V ail — 

s' A * * d S 


A<a t <A -_2 


Ei(s) 


i =0 


= sup 


A<a,<A ■_2 


" r*i 

Yj a ‘ l [WAt - (R(Xi(t), wm), *(0>) dt 

i=2 ^0 

r*l r*l ft 

< (n - l)Al I a(t) 2 dt -1 inf I ait) 2 V" a, (Rieft), y(t))y(t), eft)) dt 
Jo A<a ; <A J 0 j-J 

r*l r*l ft 

= (n-l)Al I a(t) 2 dt - l inf I a(f) 2 a,- (R(y(t)) ■ eft), eft)) dt. 

Jo A<a,<A Jo f-J 
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Using the definition of Pucci’s operator and the assumption, one can check that for any 
A < ai < A, £" =2 «; (R{y(t)) ■ e i(t), eft)) > M AA (R(y(t)) > -(n - l)*r, and hence 

r*l r*l n 

M\ A (D 2 d 2 /2(x)) - A < (n - 1)A/ d(t) 2 dt - l inf a(tf V a, < R(j(t )) • eft), eft)) dt 

y Jo 


l)\dt 


< (n- \)Al J | d(t)- + -a(t) Jdt 
- (n - 1)A/— sinlT 2 1 J' cos ^ _ 1 

= ( ”- 1)A Vx /coth ( Vx z )’ 

which finishes the proof. □ 

In ICMSi Proposition 2.5], it is shown that the cut locus of v s A/ is characterized as 
the set of points at which the squared distance function d~. fails to be semi-convex. 

Lemma 2.7 (Proposition 2.5 of fCMS il). Let x,y e M. If x e Cut(y), then there is a unit 
vector X e T X M such that 

. d 2 (exp ,. tX) + d 2 (exp A . -tX) - 2d 2 {x) 

limint —- —;--- = —oo. 

«-»o t 2 

Corollary 2.8. Let x,y G M and let i// be a C 2 -function in (0, oo) such that l//' > 0 on 
(0, oo). If x e Cut(y), then there is a unit vector X e T X M such that 

(A (d 2 (exp t tX)) + ip (d; (exp t -fX)) - (d 2 (x)) 

liminf-- -- - - = -oo. 

f-*0 t 2 

Proof By using the Taylor expansion, we have that for any unit vector X 6 T X M and small 

\A e (0,1), 

(A (d 2 (exp A . tX)) + (A (d 2 (exp t -fX)) - If ( d 2 (x )) 

? 

, (j2/ x d 2 (exp x tX) + d 2 (exp t -tX) - 2d 2 (x) 

- -A {d-y(x)) - -—-- : - 


iA" (a(t)) 

d 2 (exp t tX) - d 2 {x) 

r my) 

' d 2 (exp A . —tX) - d 2 {x )' 

' 2 

\ 1 J 

' 2 

l f J 


where a{t) and b(t) converge to d 2 (x) > 0 as t tends to 0. From the triangle inequality, it 
follows that for any unit vector X e T X M, 


lim sup 

/-»o 


d 2 (exp t tX) - d 2 (x) 


< 2 d(y, x). 


Therefore the result follows from Lemma fTTl since d 2 (x) > 0 and f'(d 2 (x)) >0. □ 

Lastly, we recall the definition of semiconcavity of functions on Riemannian manifolds. 


Definition 2.9. Let LI he an open set of M. A function u : LI —> R is said to be semiconcave 
at xo G LI if there exist a geodesically convex ball B r (x o) c LI with 0 < r < ixi(x o), and 
a smooth function T* : B,(x o) —* R such that u + T is geodesically concave in B, (x o), 
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where iM(xo ) denotes the injectivity radius at xo- A function u is semiconcave in Cl if it is 
semiconcave at each point of Cl. 

For C > 0, we say that a function u : Cl — > R is C-semiconcave at xq g Cl if there 
exists a geodesically convex ball B r {x o) c Cl with 0 < r < iM(x o) such that u — Cd 2 o (x) is 
geodesically concave in B r (x o). A function u is C-semiconcave in Q if it is C-semiconcave 
at each point of Cl. 

We have the local characterization of semiconcavity from jCMSl Lemma 3.11]. Ac¬ 
cording to Lemma 12751 the following lemma implies that the squared distance function is 
locally uniformly semiconcave. 

Lemma 2.10. Let u : Cl —» R be a continuous function and let xq g Cl, where Cl c M is 
open. Assume that there exist a neighborhood U of x o, and a constant C > 0 such that for 
any x G U and X G T X M with |X| = 1, 

u (exp tX ) + u (exp -tX) - 2u(x) 
lim sup----< C. 

!—>0 t 2 

Then u is C-semiconcave at xq . 

The following result by Bangert fB]| is an extension of Aleksandrov’s second differentia¬ 
bility theorem in the Euclidean space that a convex function is twice differentiable almost 
everywhere El; see also H Chapter 14], 

Theorem 2.11 (Aleksandrov-Bangert). Let Cl c M be an open set and let u : Cl —> R 
be semiconcave. Then for almost every x G Cl, u is differentiable at x, and there exists a 
symmetric operator A(x) : T X M —> T X M characterized by any one of the two equivalent 
properties: 

(a) For any X G T X M, A{x) ■ X = Xx^u(x), 

(b) «(exp t X) = u(x) + (Wu(x), X) + j (A(x) ■ X, X) + o as X 0. 

The operator A(x) and its associated symmetric bilinear from on T X M are denoted by 
D 2 u(x) and called the Hessian of u at x when no confusion is possible. 

We refer to ICMSIlVlIAFI for more properties of semiconcave functions. 


3. Viscosity solutions for singular operators 


In this section, we study viscosity solutions to degenerate and singular operators of p- 
Laplacian type for 1 < p < oo on Riemannian manifolds. As seen before, the p-Laplacian 
operator A p u = div (JVm[ p ~ 2 Yi/) can be written in nondivergence form: 


A p u = |Vm 


ip — 2 


tr 


Vm Vm \ , 

I + (p - 2) -®- D~ 

1 |Vm| \Wu\) 


where a tensor product X ®X for a vector field X over M is a symmetric bilinear form on 
TM defined by 

(X eg) X)(Y.Z ) := (X, Y ) (X,Z) for KZ G TM. 


The tensor product X®X is considered as a symmetric endomorphism: X®X ■ Y — (X, Y) X, 
so we write (X ® X)(Y,Z) — {X ®X ■ Y,Z) - (X, Y) (X, Z). For p > 2, the operator 
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G(Vm, D 2 u) = A p u is continuous with respect to Vm and D 2 u, while the p-Laplacian oper¬ 
ator for 1 < p < 2 becomes singular at the points with vanishing gradient. More generally, 
we are concerned with the degenerate and singular fully nonlinear equations given by 

\Vu\ p ~ 2 f[d 2 u) + (b, Vm) |V«r 2 = /, 

where F is a uniformly elliptic operator and h is a bounded vector field over M. Let 
Sym TM be the bundle of symmetric 2-tensors over M. An operator F : Sym TM —* R 
is said to be uniformly elliptic with the so-called ellipticity constants 0 < A < A if the 
following holds: for any S e Sym TM, and for any positive semi-definite P e Sym TM, 

(4) ,1 trace)/Lj < F(S X + P x ) - F(S X ) < A tracef/L), VrsM. 

As extremal cases of the uniformly elliptic operators, we recall Pucci’s operators: for any 
x e M, and S x e Sym TM x , 

M + a a (S x ) A ^ fii + A ^ M aa (S x ) A ^ Hi + A ^ //„ 

Hi< 0 /i f > 0 Hi< 0 Hi> 0 

where Hi = /i/(5 x ) are the eigenvalues of S x . We observe that (j4ji is equivalent to the 
following: for any S,P e Sym TM, 

M aa (P x ) < F(S x + P x ) - F(S x ) < M + l A (P x ) ix e M. 

Assuming that F( 0) = 0, we restrict ourselves to the degenerate and singular operators 
involving the Pucci operators. 

For singular elliptic operators, we adopt the concept of viscosity solutions proposed by 
Birindelli and Demengel; see for instance, IIBD1 |DFQ2] lACP il and the references therein. 
The notion of adapted viscosity solutions takes into account the fact that we can not test 
functions when the gradient of the test functions vanishes at the testing point. 

Definition 3.1 (Viscosity solutions, liBDl l. Let (TM \ {0}) Xm Sym TM := {(£,A) : £ e 
T x M\{0},A e Sym TM X Vx e M }, where 0 denotes the zero section. LetG : ( TM\ {0))Xm 
S ym TM —r R, and let Q C M be an open set. For a function f : Q —> R, we say that 
u e C(O) is a viscosity supersolution (respectively subsolution) of the equation 

G (Vm, D 2 m) = / in Q 

if the following holds: for any x & LI, 

(i) either for any ip 6 C 2 (L1) such that u — tp has a local minimum (respectively maximum) 
at x with Vi p(x) + 0, we have 

G (Vi/?(x), D 2 ip(x)j < f(x) (respectively >), 

(ii) or there exists a ball B p (x) C LI for some p > 0 such that u is a constant function on 
B p (x), and f > 0 (respectively f < 0) on B p (x). 

We say u is a viscosity solution if u is both a viscosity subsolution and a viscosity superso¬ 
lution. 

The adapted definition is equivalent to the usual viscosity solution when the operator 
G defined in TM Xm Sym TM is continuous. To prove this fact, we modify the Euclidean 
argument in the proof of |DFQ2| Lemma 2.1]. 

Lemma 3.2. Let Q c M be an open set, and f e C(Q). Let G .TM Xm Sym TM —> R be 
continuous such that 


( 5 ) 


G ( 0 , 0 ) = 0 and G(f,A)< 0 
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for any (/,A) 6 T X M x Sym TM X with A < 0 for any x e O. Then u is a viscosity 
supersolution of 

(6) G(Vu,D 2 uj=f in Cl 

in the sense of Definition ^. l\ if and only ifu is a viscosity supersolution of © in the usual 
sense. 

Proof. First we assume that u is a viscosity solution in the usual sense. Then it is not 
difficult to show u is a viscosity solution in the sense of Definition B. 1 l using the assumption 
that G (0,0) = 0. 

We will prove that u is a viscosity solution in the usual sense if u is a viscosity solution 
in the sense of Definition [TT] Let < p e C 2 (Q), and xo e £2 be such that u - ip has a local 
minimum at xo. We may assume that xo is a strict local minimum of u -if. If u is a constant 
function in a small ball B p (x o) c £1 (p > 0). then ip has a local maximum at xo. Then we 
have D 2 <p(xo ) < 0, and hence 

G {yip(x 0 ), D 2 ip(x o)) = G (o, £>V(x 0 )) < 0 < /(x 0 ) 

from the assumption © and Definition l3.ll 

Now we assume that u is not constant in a small ball B p (x o) c Q and Vp{xf) = 0 since 
there is nothing to prove in the case V(/?(xo) + 0. First, we consider the case that D 2 ip(x o) 
is nonsingular. We introduce a coordinate map i// : B r ( 0) c R" —» B p (x o) c O such that 
i//(0) = xo, where we assume that p is sufficiently small. Define 

u u of and ip ip of. 

Then u - ip has a local minimum at 0 in B r { 0), and u is not constant in B r ( 0). One can check 
that V/(0) = 0, and D~<p(0) is nonsingular since Wp(xo) = 0 and D~tp(x o) is nonsingular. 
Then 0 6 R" is the only critical point of Vijo in BA 0) c R" for a small 0 < r' < r. Using 
the argument in the proof of |DFQ2i, Lemma 2.1], we find sequences {fk}^ c C 2 (B r >( 0)), 
and {xk\k = \ c B r >( 0), such that 

u — ifk has a local minimum at Xk in B,f 0) c R", 

, Vtp k (x k ) ± 0 Vk = 1,2,3,••• , 
ipk — * ip in C 2 (B,'( 0)), and x k —> 0 as k — > oo. 

Thus there exist sequences {tp k ■= fk ° ,(v 0 ))^=i c C 2 (B p fx o)), and \x k ^(xk^kLi c 

B p fx o) for a sufficiently small 0 < p' < p, such that 

u - p k has a local minimum at x k in B p -(xo) c Q, 

, Vi pk(x k ) ^0 Vk = 1,2,3, • • • , 
ip *—>(/> in C 2 (B P '(x o)), and x k —> xo as k — > oo. 

From Definition 13.11 it follows that 

G (ypk(xk), D 2 ip k (xk)) < f(x k ) Vk = 1,2, •• • , 
and hence the continuity of the operator G and the function / implies that 

G (V^(xo), D 2 p(x o)) < /(x 0 ). 

In the case that D 2 <p(xo) is singular, we consider for 6 > 0, 

p s (x) p(x) - 5d\fx)/2 Vx e B p (x 0 ), 
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where we assume that p > 0 is small enough. For 5 > 0, the function u - tpg has a local 
minimum at xo in B p (x o) with Wtps(xo) = V^(xo) = 0. Let 6o : = min |/r,| for the eigenvalues 

Pi of D 2 ip(xa). For 0 < <5 < do, the Hessian D 2 ip$(x o) = D 2 tp(xo) - <51 is nonsingular. Then 
we apply the previous argument to <p$ to obtain 

G (V<^(x 0 ), D 2 ip{x 0 ) - <5l) = G (V^Cxo), D 2 ip s (x 0 f) < f(x 0 ). 

Letting 6 go to 0, we conclude that 

G (v<p(x o), D 2 (f ( x o)) < /(x 0 ), 

which finishes the proof. □ 

Lemma COI asserts that a viscosity solution u to the p-Laplacian type equation for p >2 
with a continuous source term solves the equation in the usual viscosity sense. 

For the operators with singularities (1 < p < 2), we make use of the following lemma 
in I IACP1 Lemma 2]; see also |DFQ1| . 

Lemma 3.3. IIACP1 Lemma 2] Let 1 < p < 2, and let u be a viscosity supersolution to 
ts p u < f in LI with f > 0. Then u is a viscosity supersolution to 

p-2 

(|Vw(x)| 2 + 5) 2 Mp_ 1 ,(D 2 u) < f in Q 

for any 6 > 0. 

According to Lemma [3721 if u is a viscosity supersolution to the p-Laplacian equation 
for 1 < p < 2 with a nonnegative, continuous source term, then u solves the regularized 
equations above in the usual viscosity sense. 

Now we recall the sup- and inf-convolutions introduced by Jensen (J) (see also I1CC1 
Chapter 5]) to approximate viscosity solutions. Let LI c M be a bounded open set, and u 
be continuous on O. For s > 0, let u f: denote the inf-convolution of u (with respect to Q) 
defined as follows: for xo e £2, 

« £ (x 0 ) : = inf I u(y) + d 2 (y , x 0 ) 1. 
yen { 2s J 

The sup-convolution of u denoted by u B is defined in a similar way. In the following 
lemmas, we quote the important properties of the inf-convolution from IIKLI Section 3]; 
refer to IB for the Euclidean case. 

Lemma 3.4. Let LI c M be a bounded open set, and u e C (fl). Assume that for any 

x, y G LI, the sectional curvature along the minimizing geodesic joining x toy has a uniform 
lower bound —tcfor k > 0. 

(a) u E T u uniformly in Q as e J, 0. 

(b) u E is Lipschitz continuous in LI: for xo, xq e LI, 

3 

|m £ (xo) - m £ (xi)| < — diam(Q)<f(xo, xi). 

2s 

(c) u E is C E -semiconcave in LI, where C E := j. ^tdiam(Ll) coth ( V^di am (^))- For almost 
every x e LI, u E is differentiable at x, and there exists the Hessian D 2 u E (x) in the sense 
of Theorem \2. 1 l\ such that 

u E (exp A . f) = u E (x) + <Vm £ (x),£> + \(D 2 u E (x) ■ + o{ |£| 2 ) 

as f e T X M —> 0. 
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(d) D 2 u E < - V^diam(O) coth ( V^diam(il))l a.e. in Cl. 

(e) Let H be an open set such that H c Cl. Then there exist a smooth function f on M 
satisfying 

0 < < l on M, \p = \ in H and supp if/ c Cl, 

and a sequence {wk }° k lj of smooth functions on M such that 

( w k —» fu E uniformly in M as k —> oo, 

| Vw/tl < C, D 2 w k < Cl in M, 

Wwk —> Vm £ , D 2 Wk —> D 2 u e a.e. in H as k —» oo, 

where the constant C > 0 is independent of k. 

We define the second order superjet and subjet of semi-continuous functions. 

Definition 3.5. Let u : Cl —> R. be a lower semi-continuous function on an open set Cl c M. 
We define the second order subjet of u at x e Cl by 

J 2 '~u(.x) := j(v^(i),DVx)) 6 T X M x Sym TM X : ip e C 2 (Oj, 
u — ip has a local minimum at x}. 

If (f. A) e ff 2 ~u(x), tj and A are called a first order subdifferential and a second order 
subdijferential ofu at x, respectively. 

Similarly, for an upper semi-continuous function u : Cl —> R, we define the second order 
superjet ofu at x € Cl by 

J 2 ' + u(x) := {(v<£(jc), D 2 ip(x)) 6 T X M x Sym TM X : ip e C 2 (Oj, 
u — ip has a local maximum at x}. 

From the proof of IIKLI Proposition 3.3], we deduce the following lemma. 

Lemma 3.6. Let H and Cl be bounded open sets in M such that H c Cl. Assume that 
Sec > —k on Cl for k > 0. Let u 6 C (o) and let a> denote a modulus of continuity ofu 

on Cl, which is nondecreasing on (0, +oo) with o»(0+) = 0. For s > 0, let u E be the inf- 
convolution ofu with respect to Cl. Then there exists eo > 0 depending only on H, 

and Cl, such that if 0 < s < e q, then the following holds: let £ H, ond let yo € Cl be such 

that 

1 , 

u E (x 0 ) = u(y 0 ) + —d (y 0 , x 0 ). 

2e 

(a) yo is an interior point of Cl, and there is a unique minimizing geodesic joining xq to yo, 
which is contained in Cl. 

(b) If(f,A) e J 2 ~u b (xo), then yo = exp^C -sf), and 

( L -to,yo^ L xo,yo A ~ K mi 11 2w ( 2 J s MLfin))} : ) 6 J 2 '~ u (y o), 

where L Xo y 0 stands for the parallel transport along the unique minimizing geodesic 
joining xo to yo, and L XoJo A is a symmetric bilinear form on T yo M defined as 

(( L *o,yo A ) ' v ’ v ) yo ■= ( A ■ { L yo,xo v ), L yo,xo v ) xo Vy 6 T yo M - 

Using Lemma [3761 it can be proven that the inf-convolution solves approximated equa¬ 
tion in the viscosity sense of Definition l3.ll provided that the sectional curvature is bounded 
from below, and the operator G is intrinsically uniformly continuous with respect to x. The 
intrinsic uniform continuity of the operator with respect to spatial variables is a natural 
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extension of the Euclidean concept of uniform continuity of the operator with respect to x; 
we recall from HAFS1I the definition and important examples. 


Definition 3.7. The operator G is intrinsically uniformly continuous with respect to x in 
(TM \ { 0 }) Xm Sym TM if there exists a modulus of continuity a>c ■ [0, +oo) —> [0, +oo) 
with u>g( 0+) = 0 such that 

(7) G (f,A) - G (L x>y f, L x , y A ) < oj c (d(x, y)) 

for any (f,A) G (T X M \ {0}) x Sym TM X , and x,y G M with d(x,y) < min{iM(x), iMiy )}, 
where ip[(x) denotes the injectivity radius at x of M. 


Example 3.8. (a) When M = R", we have L xy f = f, L xy A = A so ([7]i holds. 

(b) Consider the operator G, which depends only on \ f\ and the eigenvalues of ,4 e Sym T M, 
of the form: 


(8) G (f,A) = G (|£|, eigenvalues of A) for some G. 


Since the parallel transport preserves inner products, we have \f\ = \L xy f\, and A and 
L xy A have the same eigenvalues. Thus the operator G satisfies intrinsic uniform con¬ 
tinuity with respect to x with op; = 0. The trace and determinant of A are typical 
examples of the operator satisfying ©. The Pucci extremal operators also satisfy ® 
and hence (O with op; = 0. 

(c) As seen before, the p-Laplacian operator can be expressed as 


G (Vm, D 2 u) = |Vm| p ~ 


tr 


. „ Vu Vm i , 

I + (p - 2)-®- D~u 

1 |Vm| |Vm| 1 


One can check that for any (£, A) G (T X M \ {0}) x Sym TM x and x,y G M with d(x,y) < 
min {i M (x), i M (y )}, 


<S> L xy £j L xyy A ■ v, = ((£ ® A ■ L yyx v, L yyx vj * Vv G T y M. 


Thus the p-Laplacian operator is intrinsically uniformly continuous in {TM \ {0}) x# 
Sym TM with wc = 0. 


By making use of Lemma [3761 we have the following lemma whose proof is similar to 
IIKL1 Lemma 3.6]. 


Lemma 3.9. Under the same assumption as Lemma 13751 we also assume that G is intrinsi¬ 
cally uniformly continuous in (TM \ {0}) Xm Sym TM. Let f e C(Q), and u be a viscosity 
supersolution to 

G (Vu, D 2 it} < f in Q. 

IfO < s < so, then u e is a viscosity supersolution of 

G e (Vm, D 2 m) := G (Vm, D 2 u - A-min je|VM| 2 , 2a> (2 Vein)} i) < f E in H, 
where sq > 0 is the constant as in Lemma [3. 6\ and 

fe(x) :- _sup / + + (V G (2 yfsmj ; m := \\u\\ La ,,^. 


Moreover, we have 

G (yu E ,D 2 u E - Amin {s|Vm s [ 2 , 2lj (2 Vem)}l) < f E ci.e. in H n {|Vm b | > 0}. 
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Remark 3.10. Under the same assumption as Lemma f.j. 91 if 


G[Vu,D 2 u ) := A p u = \Wu\ p ~ 2 tr | 


1 ^ |Vm| |Vm| 


f/zen w £ satisfies 

(9) ApMg - k(ji + p - 2)|Vm £ | ; ’~ 2 min |s| V« B | 2 , 2 oj (2 V»n)} < f E in H 

in the viscosity sense, and almost everywhere in H fi {|Vw £ | > 0}, where ojq = 0 from 
Example li.iSI When p > 2, the p-Laplacian operator is continuous, and hence © is 
satisfied almost everywhere in H by Lemma U~2\ 


4. ABP TYPE ESTIMATES 

In this section, we establish the ABP type estimates for the p-Laplacian type operators 
for 1 < p < oo. We begin with the definition of the p-contact set involving the ^-.-th 
power of the distance. 

Definition 4.1 (Contact sets). Let 1 < p < oo. Let Elbe a bounded open set in M and 
u G C(Q). For a given a > 0 and a compact set E c M, the p-contact set associated with a 
of opening a with the vertex set E is defined by 

J\!a (E\ Q;;/) := jx e Q : 3 y e E such that inf |m + a- - d!f' j = u(x) + a- - d!f (x)| 

When p = 2, a contact point is touched by a concave paraboloid from below, which is a 
squared distance function; refer to IIWZllCallKl . Notice that the p-contact set J\ p a (f; <3; u'j 
is a closed set. 


4.1. Jacobian estimates. First, we study Jacobian estimates for certain exponential maps 
which arise in the proof of the ABP type estimate. 


Proposition 4.2 (Jacobian estimate on the contact set). Let l<p<oo, E c M be a 
compact set, and u € C(Q) be smooth in a bounded open set Q C M. Define (f) p : {? £ !i : 
|Vm(z)| > 0) x [0,1] —> M as 


<p p (z,t ) := exp. f|Vw(z)| p 2 Vm(z). 

Assume that x € LA P (ft; £2; m) n {z 6 O : |Vm(z)| > 0). Then the following holds, 
(a) Ify G E satisfies 

inf I u + - - d{f' 1 = u(x) + - - dir' (x), 

Q l P J P 

then 


y = exp c |Vm| p 2 Vm(x) £ Cut(x) U {x}, and \Wu\ p 2 Vm(x) g & x . 

M is a unique minimizing geodesic joining x to 


The curve y := f p (x,-) : [0,1] 
y = exp t |Vm| p-2 Vm(x). 

(b) | Vu\ p ~ 2 D 2 u(x) + (i + ^ 

\ P ~ 1 |Vk| 

semi-definite. 


Vm 

j-1 o D~(d^ (x 1) /2)(x) is symmetric and positive 
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(c) 


Jac ; <p p {x, 1) 

= Jac exp t (|Vm(x)| p_2 Vm(x)) 

• det j|V M r 2 (i + (P - 2)^| ® o D 2 u(x ) + D 2 (d 2 MxA) / 2)(x)} 

= Jac exp t (|Vm(x)| p_2 Vm(x)) ■ det |l + ip - 2)^ ® ^(x)j 

- det || V«r 2 D 2 u(x) + (l + jff i^i ® j^) ° ■ 

where Jac exp r (|Vm(x)| p ~ 2 Vm(x)) stands for the Jacobian determinant of exp K , a map 
from T X M to M, at the point |Vm(x)| p ~ 2 Vm(x) € T X M. 

„ T t / 2 — p Vm Vm \ , 0 

(d) Forte. [0,1 ], the operator t\Xu\ p ‘£>"m(x) + II + t -- - ® - jo£)"(^ (;f f) /2)(x) 

is symmetric and positive semi-definite. 

(e) If ] < p <2, then for t e (0,1] 

r|V«(x)| p ^ 2 Z) 2 M(x) + (i + -—-—-— ® ) o D 2 (d 2 . , n /2)(x), 

1 wl \ p- 1 |Vm| |Vm| / 2 ’ 

is symmetric and positive semi-definite, and 

Jac; f p (x, t) 

= Jac exp v (t\Vu(x)\ p ~ 2 Vu(x)) 


■ det jrlVi/p’ 2 jl + (p - 2) ® j ° D 2 u{x) + D 2 {d 2 ^ (x t) l 2)(x) 

= Jac exp t (t\Vu(x)\ p ^ 2 Vu(x)j ■ det jl + (p - 2) 

2 — p Vm 


Vm 


■ det {t\Vu\ p ~ 2 D 2 u(x) + I + 


p - 1 |Vm| 


Vm 


-^-\oD 2 (d 2 


| Vm 
7m 

|V^ 


<t> P M 


mix) 


Proof, (a) For any x e Jl p O; uj, we find y e E such that 


( 10 ) 


inf 

n 



PZ± d * 

p d > 


- m(x) + 


P ~ 
P 


df' (x). 


Then we have 

— -jr/y 1 (z) - df' (x)| > -u(z) + m(x) Vz e Q. 

We first claim that x i Cut(y) for x e 2R P X (E\ £1; uj n Q (see also I1WZI ). Suppose to 
the contrary that x e Cut(y). Note that x ± y if x € Cut(y). Letting fi p { s) Ej-s 2 ^-') , 
we have \f' p > 0 in (0, oo). According to Corollary 12. 81 there is a unit vector X e T X M 
such that 

(A (</ 2 (exp^ tX)) + (d 2 (exp t -fV)) - 2fi (< i 2 (x )) 

liminl---= -oo 

i^o t 2 
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which contradicts to 


1 /r (d 2 (exp x tX)) + £/ (d 2 (exp x -tX)) - 2\jj (of 2 (x)) 
liminf--- 


r—>o t 2 

// (exp t tX) + u (exp r —tX) - 2u (x) 

~ f-»0 t 2 


= - (p 2 u{x) ■ X,X) . 


Hence x is not a cut point of y. 

Since x £ Cut(y) and p > 1, (flQb yields that 

Vm(x) = - — -Vdf^ix) 

P 

from which we see that 

y — x <==> Vm(x) = 0. 

Thus for x e J[ p x (E\ £2; m) Pi {z e O : |Vt/(z)| > 0), we have y £ Cut(x) U {x}, and hence 


Vw(x) = -d;-' (x)Vdy(x), |Vm(x)| = df 1 (x), 
and 

y = exp r -Vc/ 2 (x)/2 = exp v |Vm(x)[ p ^ 2 Vm(x) £ Cut(x) U {x}, 
which implies (a). 

(b) From dTOt . we have that fory = (f> p {x, 1), 

, p — 1 9 -A- 

D 2 u(x) > - - D 2 dy (x) 

P 

= -df(x) |d 2 (£/ 2 /2)(x) + jlLvdyix) ® Vd y (x)J 

= -\Vu(x)\ 2 - p |z) 2 (£/ 2 /2)(x) + j^Vd y (x) ® Vcf v (x)|, 

where we recall the symmetric operator Vc/ v (x) ® Vc/ v (x) defined by 

(Vdy(x) ® Vdy(x') -X, y) := (Wd y (x), x) (Vd y (x), f) VX, F e T X M. 

Since Wd y (x ) is an eigenvector of D 2 (d 2 / 2)(x) associated with the eigenvalue 1, we 
obtain that for 1,7 6 T X M, 

(Wd y (x) ® Wd y (x) o D 2 (d 2 / 2)(x) ■ X, F) = (W y (x), D 2 (d 2 /2)(x) ■ x) (vd y (x), y) 

= (X, D 2 (d 2 / 2)(x) • Vd,(x)) (Vr/ y (x), f) 

= ^X, Vc/ v (x)^ (Xd y (x), F^ 

= (Xdy(x) ® Xd y (x) ■ X, F^ , 

and hence Vd y (x) ® Vd y (x) = VJ y (x) ® VJy(x) o D 2 (d 2 /2)(x) = jf^j ® jf| ° D 2 (d 2 / 2)(x). 
Therefore, we deduce that 

0 <| Vw(x) | p_2 D 2 m(x) + D 2 (d 2 /2)(x) + ^-jXd y (x) ® Vc/ v (x) 

„ , , / 2 - p Xu Vm \ , t 

=| Vm(x)| p ~ 2 D 2 m(x) + I +-® — o D 2 (d y /2)(x) 

\ p — 1 |Vm| |Vk|/ y 

which is symmetric. 


( 11 ) 
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(c) From Lemma 12731 we have that for y = <p p (x, 1), 


iac z (/> p (x, 1) = Jacexp. c (|VM(x)| p 2 Vm(x)) 

• det ||V;/(x)| p_2 |l + (p - 2)^ ® o D 2 m(x) + D 2 ( C / 2 /2)(x)J 

= Jacexp v (|Vw(x)| p-2 V m(x)) ■ det|l + (p - 2 )j^j ® j^jj 

' **{' Vur 2 DMx) + (i + ® j^j) ° D\i)l 2)(*)} . 

Thus (fill implies (c). 

(d) According to Lemma l274l we see that for t e [0,1] 

D\d\ t) t 2)(x) - tD\d] {V) l 2)(x) > 0. 

Since Vc/ y (x) = - is an eigenvector of Z) 2 (c/ 2 (f) /2)(x) associated with the eigen¬ 
value 1 for any 1 e [0,1], the above argument yields that 


( 12 ) 


Vm 


Vm , t Vm 

-O D-(^/2Xx) = — 


Vm Vm 

jv^ (A) = Wu\ 


— O D 2 {d 2 /2)(x). 
|Vm| 


From (fill , we deduce that for t e [0,1] 


0 < t\Vu(x)\ p 2 D 2 u(x) + t |l + Y ® ° D 2 (d 2 m /2)(x ) 

< f|VM(x)r 2 D 2 M(x) + li + ® rvJ ° D ( ^)/ 2 )w- 

(e) Since 1 < p < 2, (d) combined with (IT2l) implies that 


f|VM(x)r 2 Z) 2 M(x) + (i + ® ° D 2 (d 2 w /2)(x) >0 Vf e (0,1], 

Using Lemma [23l again, we have 
Jac- 0 p (x, t) = Jac exp r ^|Vm(x)| p_2 Vm(x)) 

• det |/|Vm(x)| p “ 2 + (p - 2 ) j^Yj ® j ° £> 2 m(x) + Z) 2 (J 2 (f) /2)(x)| 

and 


det -{f|VM(x)[ p 2 (I + (p - 2)^1 ® ] o D 2 u(x) + D 2 (d 2 it) / 2)(x) 


I Vm Vm 

= de , [l + ( P - 2) —®—w 

- det|f|V«W|' , - ? D-«(A) + |l + 


2 — p Vm Vm it-, 

-®- o D~(d~ ll J 2)(x) ]•, 

p - 1 |Vm| |Vm| I 7(1)1 ’ 


completing the proof of (e). 


□ 


Proposition l4.2l holds for semiconcave functions for almost all contact points. 
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Corollary 4.3. Let 1 < p < oo, E c M be a compact set, and u e C(LI ) be semiconcave in 
a bounded open set LI C M. Denote by N a subset of LI of measure zero such that u is twice 
differentiable in Ll \ N in the sense of the Theorem \2.1 1\ Define c/> p : {z e Ll\ N : |Vm(z)[ > 
0} x [0,1] —> M as 

f p (z,t) := exp. t\Vu(z)\ p ~ 2 Vu(z). 

Then Proposition 1 4. 2\ liolds true for x € LA P (E; L2; u) Ci {z e LI \ N : |V«(z)[ > 0). 

Proof Using the semi-concavity, note that for any z € LI, and a unit vector X e T-M, 

n(exp_ IX) + «(exp_ - tX ) - 2 u(z) 

limsup---—-- < oo. 

,^o t 2 

Fix a point x 6 (E\ Ll\ u} P {z & Ll\ N |Vm(z)| > 0). Arguing similarly as in the proof 

of Proposition 14. 21 together with the above property, if v e E satisfes 

inf | u + - - dr' 1 = u(x) + -- dT' (x), 

sl P ) P 

theny = f> p (x, 1) = exp v \Vu\ p ~ 2 Vu(x) t Cut(x) U {x}, and \Vu\ p ~ 2 Vu(x) e & x \ {0}. Using 
Lemma 12731 we deduce that for (0,1] 

df)p(x, t ) -d exp t (r|VM(x)[ /,_2 VM(x)) 

• jr|V«(x)r 2 (i + (P ~ 2)^| ® o D 2 u(x) + D\d 2 y(t) / 2)(x)|, 

where y(t) <p p (x,t) is a minimizing geodesic joining x to <p p {x, 1) i Cut(x) U {x}, and 
D 2 u(x) is the Hessian in the sense ofTheorem l2.111 see also the proof of [CMSl Proposition 
4.1]. The rest of the proof is the same as for Proposition |4j2] □ 

4.2. Degenerate operators. This subsection is devoted to the ABP type estimate for the 
p-Laplacian type operators with 2 < p < oo. 

Theorem 4.4 (ABP type estimate). Assume that 2 < p < oo and Ric > -in - 1 )i<for k > 0. 
For a bounded open set LI C M, let u 6 C (o) be smooth in LI. For a compact set E c M, 
we assume that 

Jl p (£;Q; u) c LI. 

Then we have 

iei< J" ^ ^j ^- 1 (v^iv«(x)r>)(v^iv M (x)r*)J dx, 

where JT(t) rcoth(r), and =5^(r) : = sinh(r)/r/or r > 0 with = SP(0) = 1. In 

particular, if Ric > 0, we have 



Proof For any x e (E\ Q; uj c LI, we find y e E such that 

( P ~ 1 -Al P ~ 1 -A 

(13) inf \ u + -- df' l = m(x) + -- dT 1 (x). 

n l P I P 

From the argument as in the proof of Proposition |4j2] we have 


y = x 


Vm(x) = 0. 















HARNACK INEQUALITY FOR DEGENERATE AND SINGULAR OPERATORS ON MANIFOLDS 


21 


When |Vm(x)| = 0 for x e J[ p {E\ £2; uj c £2, we have y - x = exp v \Vu\ p 2 Vm(x) in (fl3l) . If 
| Vh(x)| > 0 for x e M p {E\ £2; uj c £2, then Proposition ^. 2l savs that 

y = exp t |Vm| p_2 V u(x) £ Cut(x) U {x}, and \Vu\ p ~ 2 Vu(x) e & x . 


Now we define the map <S* P : 24 2 (E\ £2; u j —> M as 

^(x) := exp t |Vm(x)| p_2 Vm(x), 

which coincides with <p p (x , 1) in Proposition ^. 21 From the argument above and the defini¬ 
tion of J[ p (E\ £2; uj, we observe that 


(14) E = (I) p (j4 2 IE; £2; u)j . 

since we assume 24 2 £2; uj c £2. 

By using Proposition 14.21 together with Theorem 12. II the arithmetic-geometric means 
inequality yields that for x e 24 p (E\ £2; uj n {z e £2 : |Vm(z)[ > 0), 


JaccD^x) = Jac exp f (|Vm(x)[ p 2 Vu(x)j 

■ det ||Vm| p ~ 2 jl + (p - 2)j^L ® j o D 2 u(x) + D 2 W 2 /2)(x)| 
= Jac exp A . (|V«(x)| p-2 V«(x)) ■ det |l + (p - 2)^ <g, ^L(x)j 


•det||V«r 2 D 2 M(x) + ^I + 
< y n - x {yR^u\ p -\x)j 


2 — p Vm 

^Trv^j 

m 


■Hi)- Di(d > m « 


|V u\ p ~ 2 (I + (p - 2)^- ® ) o D 2 u(x) + D 2 (d 2 / 2)(x) 

[ \ |Vi/| | \w' y 


where y = ( \> p (x), and we used at the last line the arithmetic-geometric means inequality: 


det(AB) < 


-tr (AB) 
n 


n 


for symmetric nonnegative matrices A and B. From Lemma 12761 it follows that for any 
x e J[ p [E\ £2; uj n {z € £2 : |Vm(z)| > 0), 


^ tvw < (v^gy-) j A '" w * 1 * ( " ~ 

= ( v;it„ W i <•-') A '" w * 1 * ( " ~ »^( W«’»r')Y 


Since A ;) « is continuous in £2 for p > 2, we deduce that 

{ A \/i 

— + ( V^IVmI^ 1 ) 1 in 24 p (£; £2; uj 

since M‘(t) > 1 for r > 0. For p > 2 , the map <L ; , is of class C 1 , and hence Lipschitz 
continuous on a compact set 271 2 (L; £2; wj c £2; notice that |Vm[ p ~ 2 Vm(x) e £ v for any 

x e 24 2 (/£; £2;;/). Therefore, the result follows from the area formula with the help of ( 1 1 41 
and ( fl5l . □ 
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The following ABP type estimate is concerned with the nonlinear operators of p-Laplacian 
type. 

Corollary 4.5. Assume that 2 < p < oo and A\~ XA (R(e)) > —( n— 1 )k with k > 0 for any unit 
vector e e TM. For a bounded open set D. c M, let u e C (n) be smooth in O such that 
\Vu\ p ~ 2 AF ia (D 2 u) < f in Q. For a compact set E c M, we assume that tFfj Q; uj c Q. 
Then we have 

m s I ;(e5 „, + ^ +( - - i,Ajr ( V! iv “ r ')}" 

In particular, if Ric > 0, we have 


\E\ 


<(p- 1 ) r 

J:n>! 


™ + ±Yd, 

&p(E;£1;u) [ ^ 


Proof Following the proof of Theorem l4.4l it suffices to estimate the Jacobian determinant 
of <l> ; ,(x) := exp t |Vw(x)| p ~ 2 Vm(x) on Jl p (E\ Q; uj in terms of the Pucci operator. First we 
note that Ric(e, e) > yVf ( fR(e))/A > ~(n - 1 )k/A for any unit vector e e TM. According 
to Proposition 14.21 and Theorem 12.11 we have that for any x e lAj (p; Q; uj n jz 6 O : 
|Vm(z)| > 0), 

Jac<F„(x) = Jacexp (|Vm(x)[ p ~ 2 Vm(x)) • det|I + (p — 2) -® —— 

v 7 > |Vm| |Vm| 


• det \\Vu\ p - 2 D 2 u(x) + |l 


2 — p Vm Vm i , 0 

+ J^m®m ]oD(d;/2)(x) 


< ( P -\)y n - 1 

= (p- \)y n ~ l 


-m p ~ l 
m p ~ l 


— tr I \Vu\ p 2 D 2 u(x) + (i + —— — 
n { \ P ~1 

A ^u\ p - 2 D 2 u(x) + (i + 

- (V>' r ‘) { |Vm| "' 2m ^ ( d2 “) + ((i 


° D\d 2 / 2)(x) 


2 — p Vm 

Tv77| ” |Vm|/ 

2 — p Vm Vm 

- ® - 

|Vm| |Vm| 

2 — p Vm Vm 


p - 1 |Vm| |Vm| 


O D 2 (d 2 /2)(x) 
o D\d 2 / 2)(x)] 




where y = Q> p (x). From (IT2l) . we notice that for x e Jfj (E\ O; uj n {z e O : |Vm(z)| > 0), 


1 + 


) O D 2 d 2 l 2(x) = D-d A J2(x) + 


4 j2 t 


2-/2 


2-/2 Vm 

-W - |“I2 „ „„ _ . 

p- 1 |Vm| |Vm| / - v y ' w p — 1 


VZ/ V (X) ® Vdy(x) 


V»(x) 

y = <1 > ;j (x) = exp t |Vm| p ~ 2 Vm(x). By using Lemma 12751 we deduce that 


since Vafy(x) = — fvTTTvTf * s an eigenvector of D~d y ! 2(x) associated with the eigenvalue 1 for 


Ml 


1 + 


Vm 


2 — p Vm 

p-irv^Trv^i 


O D 2 (d 2 /2)(x) I < 


A 


1 


• (m - 1)AJT 


d\(x) , 


and hence for any x 6 ^ (/s; Q; uj Pi {z e £1 : |Vm(z)| > 0}, 


Jac 0„(x) < 


fp-1) 

n”A n 


yn-l 


-Wur 1 


f + 


(n-DA^I^IVMr'JJ . 


Since p >2, this estimate holds for any x e Jl p [E\ O; uj, and then the result follows from 
© and the area formula. □ 
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From Theorem 14.41 we obtain the ABP type estimate of viscosity supersolutions for 
/;-Laplacian operators with the help of regularization by inf-convolution. 

Lemma 4.6. Assume that 2 < p < oo and Ric > —(n — \)Kfor k > 0. For zo, xo € M and 
0 < r < R < Rq, assume that B 4 fztf) c Br(x o). Let f e C (Br(x o)) and u e C (Br(x o)) be 
such that 

A,,u < f in B r (x q ) 

in the viscosity sense, 

P~ 1 


(16) 

Then 

(17) 


it > 0 on B r (x o) \ B 4 , (zo) an d inf u < 

B r (.z 0 ) p 


|B r (z 0 )| < SF n ~ x (2 s/kRo) f (^(2^0 )+—} 

J{u<M„}nB 4r (z 0 ) ( n ) 


for a uniform constant M p Af-Jp- 1 . Moreover, ifr p f < 1 in B 4r (zo), then there exists a 
uniform constant 5 6 (0,1) depending only on n, p and s/kRq, such that 

(18) 


u < M p ] n £ 4 ,-(zo)| > 6\B 4 fzo)\. 

Proof, (i) First, we claim that for u e C°°(B R (x 0 )) n C [Br(x q)) satisfying (TiTil i. 


(i9) \B r (zo)\ < y n ~ x (2 V^Ro) f 

Jilt' 


Ur(2V^o) 


’ K«) + 


[u<M p ,rP\Vu\P 1 <2/?o}n54 r (zo) 

According to Theorem l4.4l it suffices to prove that 

(20) (BAzof, B r (x 0 ); r^u) c B 4r (z 0 ) n \u < M p , r p \Wu\ p - 1 < 2R 0 ) 

since 5? and Arif are nondecreasing functions in [0, 00 ). Indeed, for a fixed y € B r (zo), we 
consider 

P"1 


w v : = rp-' it + 


-dr ■ 


Using (IT6t . we have 


r p~ l w v > 0 + 


P~ 1-^t 


3 p-' outside B 4r (zo), 


. _ p_ p - 1 p 1 _p_ p -1 

inf r p-'w v < - 1 - 2p-' < -- 3 p~' . 


B r (zo) p p 

Then we find a point x e Iffzo) such that 


inf r p-t w v = r pwJx) = u(x) + 

Br(x 0 ) * p 


P - 1 (dy(X)\p-' p- 1 


-3~. 


Proposition l4.2l imr)lies that \rp- ] Wu(x)\ p 1 = d y (x) <8 r < 2 Rq. Then we deduce that 

( B r (zo ); BiAzaf, rT~' u ) = (fi,(zo); B r (x 0 ); rT~' uj 

c B 4r (z 0 ) n{u< M p , r p \Vu\ p - 1 < 2R 0 } 

for M p > 1. Thus, (fl~9] > follows from Theorem |4.4| 
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(ii) Now we assume that u is a continuous viscosity supersolution. Let 7 / > 0. According 
to Lemma 13.41 and Remark f3. 101 the inf-convolution u E of it with respect to B R (x 0 ) (for 
small s > 0 ) satisfies 

u E —> 11 uniformly in B R (x 0 ), 


u E > -77 in B r (x 0 ) \ B 4r (zo), 


77—1 

inf u E <-h 77 , 

B r (za) p 


A p u e - sk(n + p - 2 )\Wu e \ p < f E a.e. in B 4r (z 0 ), 

where —k (k > 0) is a lower bound of the sectional curvature on B R (x 0 ), and 

f E (z) := sup f + , Vz e fi 4 ,(zo); m := ||m||l~(b*(*o))- 
b 2 ^s(.z) 

According to Lemma [3~4l we approximate u E by a sequence ( w k \^' = { of smooth functions 
which satisfy the following: 

r wu —> u e uniformly in fi 4r (zo), 


P~ 1 


w k > -2?/ in B r (x 0 ) \ B 4r (zo), inf w k < 

BXzo) p 


•277, 


| Vvv’,t[ < C, D 2 w k < Cl uniformly in M with respect to k, 

Vwk —> Vm £ , D 2 w k —7 D 2 u e a.e. in B 4r (zo ) as k —7 00 , 

for a uniform constant C > 0 independent of k e N. Then we apply (fl9] > to the function 
Wk := ( p ( _7 } )p + P 4 ,/ n-> + 2 t/) to obtain 


|flr(zo)l < & 


" _1 (2 VkRq) f 


{w k <M p , rP\Vw k \ p ~ l <2Ro}rB4 r (zo ) 


! (2 VkRq) 


'(a p %)T 


Letting k —7 00 and S £ := ( (m £ + 277 ), we deduce that 

|B,-(zo)l < (2 V^o) f 

J{S. 


7{«eSM„, r'>|Vu e |P 1 <2«o|nB 4r (7o) 


(2 Vkr 0 ) 


/ \+ \ « 

I 


since 


(A ; ,vv/() is uniformly bounded with respect to k, and 


converges 


everywhere in fi 4r (zo) as k tends to 00 . Since 


to ^A p u e ^ almost 


(a p m £ ) — 


(p-D/p 

(P ~ 1)/p + 4t7 

(p-D/p 

(p - 1 )/p + 4t7 
(p~ l)/p + 4 t7 
(p-D/p 


p-i 




p- 1 


{ek(n + 77 - 2)|V« £ | P + / £ } 
ek(7i + p - 2)(r p 2R 0 )Fr + f (P _ 1)/P 


(p- 1 )/p + 4?7 


P-1 


fe 


almost everywhere in {r p |VS e | p 1 < 2Po} n P 4 / (zo), we deduce that 
|B,-(zo)| < = 5^” _1 (2 VkPq) f \jt?( 2 ^R 0 ) 


r p f 

^ ^ yz. -\kk 0 j + 

J{u<M p )nB 4r (zo ) 

by letting e and 77 go to 0. Lastly, the above estimate implies (fTSlt with the help of Bishop- 
Gromov’s volume comparison. □ 
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We also have the ABP type estimate for viscosity supersolutions to nonlinear p-Laplacian 
type equations. 


Corollary 4.7. Assume that 2 < p < oo, and Ai lf fR(e)) > -( n - 1 )k with k > Ofor any 

unit vector e e TM. For zo, xq e M and 0 < r < R < Ro, assume that B 4 ,{zq) c B r (x o). Let 
(3 > 0, and u e C(B R (x o)) be such that 

\Vu\ p ~ 2 M~ k {D 2 u) - f3\Vu\ p - y < r p in B r (x 0 ) 


in the viscosity sense. 


( 21 ) 


u> 0 on B r (x q) \ B 4r (zo ) 


and 


P~ 1 
inf u < - - 

B r (z o) p 


Then there exists a uniform constant 6 e (0,1) depending only on n,p, ~fi<Ro,A,A, and 
/3Ro, such that 

|{« < M P ) n B 4 ,(zo)| > 8\B 4r (zo)\ 

for M p = > 1. 

Proof The proof is similar to one for Lemma 14.61 replacing Theorem 14.41 by Corollary 
14.51 We use the same notation as in the proof of Lemma l4~6l and notice that ( 1201 follows 
from (fTTT) . As in the proof of Lemma [4~6l let t] > 0, and let u E be the inf-convolution of it 
with respect to B R (x o) for small s > 0. Applying Corollary 14. 5 1 to approximating smooth 
functions for u £ from Lemma l3~4l we deduce that for sufficiently small e > 0, 


|5 r (zo)l < 


(P~ V ) c ,n -1 


n"A” 


y"'- 1 2 a -Rq 


f 

J { U. 


{u e <M p ,rr\Vu e r-'<2R 0 }nB ir (zt,) IP _ 1 


A 


■ (n - l)AJif ^2 ^/? 0 J + r p \Vu e \ p - 2 (M aa (D 2 u e )) + J , 


where u E := ——-—— (it. + 2rj). Since the Pucci operators are intrinsically uniformly 

(p-l)/p + 4rj 

continuous with a> G = 0, Lemma [5791 imp lies that 


|Vfi,r 2 (M aa (D 2 u e )) + = 


(p-D/p 

(p-l)/p + 4t] 

(P-1)/P 


(.P ~ l)/p + 4/7 
(P~ l)/p + 4t7 


| Vu E \ p - 2 (Ml A (D 2 u £ j) + 
{emA\Vu E \ p + p\Vu E \ p ~ l + r ~ p } 


(P-D/P 


sl<nA(r p 2Rf)p-' + 2/3 RqI' p + 


(p - D/p 

(P ~ l)/p + 4?7 


p -i 


almost everywhere in |r p |Vi7 £ | p 1 < 2/?o} n B 4r (zo). Therefore, letting s and tj go to 0, we 
obtain 

\Br{zv)\ < 1 (2 A &o) f f -^-r + (n - DAM- (2 A &o) + 2 /3R 0 + l) 

”4 \ V'l ) J{u<M p }nB ir (zo){P - 1 V 'A j ) 

from which the result follows by using Bishop-Gromov’s volume comparison. □ 
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4.3. Singular operators. Now we consider the p-Laplacian type operator for 1 < p < 2. 
In this case, the operator A p u becomes singular when its gradient vanishes. To deal with 
singularities, we make use of a regularized operator 

(|Vw(x)| 2 + d)^ M~_ u (D 2 u) 

for any 6 > 0; see Lemma 13.31 So we first show the ABP type estimate for nonlinear 
p-Laplacian type operators. 


Theorem 4.8 (ABP type estimate). Assume that 1 < p < 2 and M\ A (R(e)) > -(n - 1 )k 
with k > Ofor any unit vector e £ TM. For a bounded open set Cl c M, let f £ C(Q), and 
u e C (n) be smooth in Cl such that \Vu\ p ~ 2 AV x A (D 2 u) < f in Cl in the viscosity sense. For 
a compact set E c M, we assume that 

Jl p t (E;Q.;u) c Cl. 


Then we have 


|£|< 


I 



+ (n-l)AJf 



Proof. From Definition l3.ll it is not difficult to see that u is a viscosity supersolution to 

P~ 2 

(22) (|Vw| 2 + 6) 2 M AA (D 2 u) < / + in Q 

for any 5 > 0 since 1 < p < 2; refer to the proof of HACP1 Lemma 2]. Moreover, u 
is a viscosity supersolution to (l22t in the usual sense according to Lemma 13.21 since the 
regularized operator (for a given 5 > 0) is continuous with respect to Vm and l) 2 u. Thus, 
we deduce that u solves (l22l) in the classical sense. 

For 5 > 0, define a regularized map d> p6 : SA P (p: Cl: uj — > M as 

p-2 

‘I'/j.csM ; = ex P A (|V u^xf 2 + 6^ 2 Wu(x). 


Note that if |Vm(x)| > 0, then 

4W(*) = Qp ( x > 


for t,,(x) : = 


|V»WI 2 

|Vm(x)| 2 + 5 


2-P 

2 6(0,1), 


where <f> p (x, t) := exp t f|V;/(x)| p 2 Vm(x) for t £ [0,1] as in Proposition 14.21 We also define 
<tyo : CA P (is; Cl; uj n {|Vm| > 0) —> M by 

cI) ; , ; o( x ) := exp f |Vm(x)| p_ 2 Vm(x). 

For any x e & x ( E ; Q; uj c Cl, there is y £ E such that 


(23) inf (u + — - dy 1 1 = «(x) + —- dy 1 (x). 

n { p j p 

Since CR l [ {E; Cl; uj c Cl, the argument in the proof of Proposition 14.21 asserts that for each 
x £ CA P ( E; Cl; uj , a point y £ E satisfying (l23l ) is not a cut point of x. In fact, y is uniquely 
determined, and the map (E; Cl; uj 3 xh y e E is well-defined as 


y = 


x, 

exp t |Vm(x)| p_2 Vm(x) = < t> p .o(xr) i Cut(x) U jx), 


for |Vm(x)| = 0, 
for |Vw(x)| > 0, 
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which is surjective. Moreover, when |Vm(x)| = 0 for x 6 Jl p (E\ Q; uj , we have y — x — 
i Cut(x) in ( 1231 ) for any <5 > 0, and D 2 u(x ) > -^y-D 2 d x ~' (x) - 0 since -y-^ > 2. If 
|Vw(x)| > 0 for x e J[ p x [E\ O; uj , then 

y = exp v |Vm(x)| p_ 2 Vm(x) = ® p , 0 (x) = lim <t> p j(x). 

6 —>0 


In the latter case, the curve y(f) := <p p (x, t) — exp t t |Vh| p-2 Vk(x) is a unique minimizing 
geodesic joining y(0) = x to y(l) = exp v |Vm[ p-2 Vm(x) ( Cut(x) U {a} with velocity y(0) = 
|Vm[^ 2 Vm(x) 6 B x \ {0}, and y(t s (x)) - t Cut(x) for 6 > 0. 

Notice that for each 6 > 0, the regularized map is Lipschitz continuous on a com¬ 
pact set ( E ; fl; uj c O since 

p -2 _ 

(24) (|Vm| 2 + d) 2 V«(x) e B x , Vx e J[ p (E\ O; uj for any 5 > 0. 

Now we claim that 

(25) lEj^limsup I _ Jac d> pg (x)dx. 

6-> 0 J^(£;n;«) 

From the argument above, it follows that 


E = 0> p ,o (X (E; O; uj n {|Vm| > 0}) (J (E; Q; w) n (|Vw| = 0}} 

= ® p ,o (E; Q; n) n {|V«| > 0}) (J (E; Q; m) n {|Vm| = 0}) V6 > 0, 

where we note <1*| Vtt |= 0 } is the identit y for 6 > Letting A k : = Jl p (E\ O; m) n 
{|Vm| > 1 /k] for k e N, we have 


(26) 


£ = d> ; ,,o 



J (#?(£; £2; m) n{|V h| = 0}) 


Vd > 0. 


Notice that <t> 


p q (|jr = i At)| = lim (Op o (A*)|, and the map <t> A o| A is Lipschitz continuous 

for each k 6 N since |Vm| p-2 Vm(x) 6 B x \ {0} for x e M p (E; Q; uj n {|Vt/| > 0). We use the 
area formula to obtain that for k e N, 

K,o(At)| < I JacOp.o (x)dx. 

J Ak 

Lemma IQl vields that for x e Jl p (E\ O; uj fl {|Vm| > 0), and for 6 > 0, 

Jac ® p _g(x) = Jacexp r M |Vm| 2 + Sj 2 V«(x)J 


det 


|(|V«| 2 + 5 ) - 


I + (p-2)- 


Vm 


Vm 


p ' V|Vm| 2 + 6 V|V«[ 2 + ~6 

and hence we use Fatou’s lemma to have 


O D 2 u(x) + D 2 {d% jW /2)(x) 


l^oO (At)| < I Jacd>„ 0 < lim inf I Jac <t„x < lim inf I 

' ' J Ak 5-0 JA„ «-0 JsCIeG-. 


^j(£;n;H)n(|Vi/|>0) 


Jac <!> pg . 
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Thus it follows from (1261) and the area formula that 


\E\ < limsup 


\L 


6->0 [J^(£;n;«)n{|VH|>0) 

J Jac <V> p s(x)dx 
n[{E\a-,u) 


Jac <S> PJ s(x)dx + |o p>( 5 (it; £2; u ) n {|Vm| = 0})| 


< lim sup 

<S->0 


since ® Pi( s is Lipschitz continuous on (it; Q; uj for each 5 > 0. This finishes the proof 

of©. 

Now we will prove a uniform estimate for Jacobian determinant of <S> pS on SH 1 ’ {e ; El; uj 
withe respect to 6 > 0. From (l24l) and Lemma [231 we have that for x G Jl 1 ’ (ft; El; uj. 


d<& p ,s(x) - of exp v ((|Vm| 2 +5) 2 Vm(x) 

Vm 


o|(|Vh| 2 + 5) 2 


Vu 


\ 


1 + 0 - 2 ). ----- 

V|Vm| 2 + 6 ^u\ 2 + 5 


O D 2 m(x) + D z (d^ is<x) /2)(x )! 


= d exp^ ^(|Vm| 2 + 8j 2 Vm(x)| o 


' , Vm Vm A 

I + (P~ 2) - = ® —— == 

VlVMp + 5 Vl v “l 2 + 5 


O {(|V«| 2 + sy- D 2 u(x) + (i ^W 2 )« ) ■ 


'(/?- 1)|Vm| 2 + 5|Vm| [Vm| 
For x G (it; El; m) , we define the endomorphism //„(x) on T X M by 


#tf(x) := (|Vm| 2 + 2 D 2 u(x) + I + %{m 


h|>0)- 


2 — p Vm Vm 


7^7 I ° D 2 (dl pAx) /2)(x). 


p - \ |Vm| \Vu\) 

We prove that //„(xj is symmetric, and positive semi-definite for x G (is; £2; m). In fact, 
for x G J?l| 2 (it; £2; uj n [z G £2 : |Vm(z)[ > 0), it follows from (e) of Proposition 14.21 since 

VW = <t>p (X, t 6 (x)) with t six) = ( I ^fgp) V e (0,1). For ig^ (it; £2; m) n {z g £2 : 

|Vm(z)[ = 0), H s (x) is symmetric and positive definite since Z) 2 m(x) > —?y-D 2 d£~' (x) = 0, 
and D 2 (d 2 /2)(x) = I. 

From AH), recall that if |Vm(x)[ > 0 for x G 2?^’ (it; £2; uj , then 


Vm Vm , 9 Vm Vm 

-®-° D"(dx. , r ,/2)(x) = -®-fx). 

|Vm| |Vm| |Vm| |Vm[ 


Thus we have 


/ t , , 2 — p Vm Vm 

= (|Vm|- + tJ) " D~u{x) + D 2 (dl pAx) / 2)(x) + Ar{|v«|> 0 ) j- ® j^jW, 

which is symmetric and positive semi-definite. Now we claim that for x G (it; £2; m) , 


det Hx < | - tr //. 


(27) 


T j/+ + A + („_i) A jr| 


|Vm| 


p-i 


2 - p 

+ ^l|Vn|>0) _ J A 


=: /z(x). 


Since //, t is symmetric and positive semi-definite, the arithmetic-geometric means inequal¬ 
ity combined with (l22l> implies that for x G (it; El; uj , 
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(det// a (x))» < -tr H s (x) = —M AK {H e {x)) 
n nA 

< ^ |(|Vm(x)| 2 + s) V M; ia (d 2 u(x)) + Ml A (D 2 (dl pAx) / 2)(x))J 

1 2- p (Vu Vm \ 

+ ^ X{m>0) j^T M *' A [m ® jwj w ) 

< ^ {/ + « + MX A {D 2 (dl pAx) / 2)(x)) + ^ |V; , |>0 ) ^aJ . 


According to Lemma |Z61 we have 


A<£a {D\dl pAx) /2)(x)) < A + (n - 1)A J?^^d(x, 4> M (x)) 
< A + (n- 1)AJT j ^"|Vm(x)| p_i j 


since is nondecreasing for r > 0. This proves (1271 ). 

In terms of the operator Hg, we have that for x 6 ^ (L; Q; u) , 


r/Op i5 (x) = ^exp t n [Vm| 2 + d) 2 Vm(x)J o 


l + ip-2)- 


Vm 


Vm 


V|Vm| 2 + c5 VIVmI 2 + <5 


° ) #«(*) -T(|V«|>0) 


<5(2 - p) 


Vm Vm 

® -=—(x) ^ > 


(p- !){(/?- 1)|Vm| 2 +d) |Vm| |Vm 


where we used again that jf| ® jf| ° Dp-{d\ pA J 2)(x) = ^ ® j||(x) for x e &.[ (E\ O; m) D 
(zefl: |Vm(z)| > 0). We notice that 


(28) |det</0 M (x)| = detff tf (x), Vx e (E; Q; m) n {z e Q : |Vm(z)| = 0). 


Now let x e (E; £2; mJ Pi {z e O : |Vm(z)| > 0), and let {e\, • • • , e„} be an orthonormal 
basis of T X M with e\ — . Denote 


Hgjj := (H s (x)ej,ei), 
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and let //> be the (n- 1) x (n - l)-matrix that results from (//a,,;) by removing the 1-st row 
and the 1-st column, which is symmetric and positive semi-definite. Then we have 


Jac <T^,a(x) = Jac exp x |(|Vm| 2 + b) 2 Vu(x)j • det 

8(2-p) 


' , n\ Vm Vn ) 

I + (P ~ 2) : ® , 

V|Vm | 2 + b V|Vw | 2 + b ) 


det^ l7 -^ (|VM |>o ,^_ 1){(p _ 1)|VM|2 + (5} 

Jac exp v ^(|Vn| 2 + b) 2 Vu(x)j • det 
T(|v«|> 0 | 8(2 - p) 


bnb 


H 12 

' , Vn Vn ^ 

I + (P - 2) : ® 

VlVul 2 + b ^VnpTb 


det//, 


(P -1){(P -l)|Vu[ 2 + b} 


■ det 11, 


< Jacexp r n|Vn| 2 + b) 2 Vn(x)j • det 


I + o - 2)- 


Vn 


Vn 


VlVul 2 + b Vl v «l 2 + 8 . 


4 




det //a + 


T(|v»|> 0 | 6(2 - p) 


■ det //, 


(p-l){(p-l)|Vn| 2 + b) 

Since (l • det/Z,^" < 2 (l + tr//^ < i (1 + tr// a ), it follows from ( l27l > that 


det// 5 (x) < h(x), and det/Z^x) < 1 —I— tr H s (x) > <1 —f- h(x)" 


1 1 


1 


and hence 
(29) 


Jac <t> Pj( s(x) < Jac exp t [ (|Vu| 2 + b) 2 Vu(x)j ■ det 


I + Cp-2). 


Vn 


Vb> 0, 


Vn 


VlVul 2 + b Vl v «l 2 + 8 


det H s (x) 


1 1 
- + - tr H s (x) 


Tliv«|> 0 } 8(2 - p) 

(p - l){(p - l)|Vn| 2 + b) \n n 

— w T(|v«|> 0 ) 8(2- p) 


< Jac exp r j (|Vu| 2 + b) 2 Vu(x)) i h(x) 


(p ~ 1){(P ~ 1) I V w | 2 + b} \n 
Using (f27l) . <[28l) and Theorem l2.ll we deduce that for x e 31 1 ’ (/,’; fi; u ), 


+ h(x)~' 


Jac <b p , s (x) < S'" 1 


-l 


|Vn(x)| 


\p -1 


h(x) + 


TI|Vh|>0| 8(2- p) 


1 


+ /z(x) ; 


(p- 1)10 — l)|Vn| 2 + b) \n 

since Ric(e, e) > M j x (R(e))/A > —(n - 1 )k/A for any unit vector e e TM, and S^(t) 

is nondecreasing for t > 0. Notice that the last term A'l|v«|> 0 } +s\ Q + *(*)")" 

is uniformly bounded with respect to b > 0, and converges pointwise to 0 for any x e 
Si 1 ’ (E\ Q: //) as b tends to 0. Therefore, the dominated convergence theorem asserts that 


lim sup 

< 5 —»o 


Jac < \> Pi a(x)dx 


f 

f _ 

Lm, ^ (# v “ r 'E { r + A + - ‘M Vf |v “ r 0} 


— |Vn(x)| p 1 ) • h(x)dx 


dx. 
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which finishes the proof together with (l25l > 


□ 


Now we show that Theorem l4.8l holds true for semiconcave functions. 


Lemma 4.9. Assume that 1 < p < 2 and M lK {R{e)) > — (n — l)/c with k > 0 for any 
unit vector e e TM. For a bounded open set Cl c M, let f e C(Cl) and u e C (fl) be 
Co-semiconcave in Cl for Co > 0 such that \Vu\ p ~ 2 Ai^ A (D 2 u) < / in Cl in the viscosity 
sense. For a compact set E c M, we assume that 

Jl p {E; Cl; uj c Cl. 


Then we have 


|£|< 


f _ y n ~' 




+ (n - l)AdT 



Proof. First, we prove that u is differentiable on CA P (E; Cl; uj c Cl. It suffices to prove 
subdifferentiability of u on CEl p ^E; Cl; uj since u is superdifferentiable in Cl from semicon¬ 
cavity. Indeed, for any x e SA P (E; Cl; uj , there is y e E such that 

(30) inf \u + - - df' 1 = u(x) + - - dC' (x). 

n l P J P 

As seen in the proofs of Corollary 14. 3l and Proposition 14.21 x is not a cut point of y since 

P 

u is semiconcave in Cl. Since df' is of class C 2 on M \ Cut(y) for 1 < p < 2, it follows 
from (l30l > that u is subdifferential at x e C7l r ’ (t; Cl; uj. Hence u is differentiable at any 
x e (E; Q; u) c Cl. Notice that u is locally Lipschitz continuous in Q from the semi¬ 
concavity, and then \Vu\ is uniformly bounded in a compact set if (E; Cl; uj c Cl. 

As in the proof of Theorem l4.8l for 6 > 0, define a regularized map : SA 1 ’ (p; Cl; uj —> 
M as 

Q> p ,8(x) := exp^. (\Vu(x)\ 2 + 2 Vu(x). 

We also define <fi p o : [E; Cl; uj n {|Vn| > 0) —» M by 

® P ,oW := exp t |Vm(x)| p_ 2 Vm(x). 

Since it is differentiable on M 1 ’ (E; Cl; uj c Cl, a similar argument to the proofs of Propo¬ 
sition 14.21 (a), and Theorem 14.81 yields that for each x e Cft P x (E;Cl;uj, a point y e E 
satisfying (l30t is not a cut point of x. In fact, y is uniquely determined, and the map 
M p (E;Cl; uj 3 x i-» y e E is well-defined as 


f x, for |Vm(x)| = 0, 

| exp t |Vm(x)| p_2 Vm(x) = t Cut(x) U (x), for |Vn(x)| > 0, 


which is surjective. Moreover, when |Vm(x)| = 0 for x e CR P (E; Cl; uj , we have y = x = 
d>p S {x) i Cut(x) in (l30l) for any 5 > 0. If |Vn(x)| > 0 for x e CA P ( E; Cl; uj , then 

y = exp v |Vm(x)| p_2 Vm(x) = <t> p ,o(x) = lim <EV(x). 

<5—>0 
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In the latter case, the curve y(t) <p p {x,t) = exp t t |Vw| p ~ 2 Vm(x) is a unique minimiz¬ 
ing geodesic joining y(0) = x to y(l) = exp x \Vu\ p ~ 2 Vu(x) £ Cut(x) U ]x] with veloc¬ 
ity y(0) = |Vm| p ~ 2 Vw(x) 6 £> x \ {0}, and y(U(x)) = ® A<y (x) i Cut(x) for 5 > 0, where 

tg(x) : = ( |vlu)p+g ) 2 e (°> !)• We remark tha t 

p-2 

(31) (|Vm| 2 + b) 2 Vn(x) G £ x , Vx e (E; Q; uj for any 6 > 0, 
and the above argument implies that 

(32) E = 0> A o (X ( E ; O; u) n {|Vm| > 0}) (J <D p , d (E; D; m) n {|Vw| = 0}) V<5 > 0. 

According to Theorem 12.111 u is twice differentiable almost everywhere in £1 since 
u is semiconcave in £2. So there is a set N c Q of measure zero such that u is twice 
differentiable in O \ N, and then u satisfies 

p-2 

(33) (|Vm| 2 + 2 M~ lA (D 2 u) < f + in Q \ N for any 5 > 0, 

where D 2 u is the Hessian in the sense of Theorem 12. 1 1 1 Using (|3H . (031) and Corollary 
IQ a similar argument to the proof of Theorem l4.8l vields the following Jacobian estimate: 
for any 6 > 0 and for x e Jl 1 ’ (ft; O; uj \ N, 


Jac <5p,a(x) < J^ 1 1 /^|V M (x)r' I \h(x) 


T<|V»I>Q) 6(2 - p) I ]_ 

(p-mp-i)m 2 + 6 }\n 


-h h(x)" 


where 

h(x) 


|/ + (x) + A + (n - 1)AJP J^|V«(x)r 1 J +ATf| V M| >0 )(x)A^—y 


From the dominated convergence theorem, we deduce that 

(34) 


lim sup 

tf-» 0 Jm^E; Ti-u) 


J Jac (b pS (x)dx 

s (V> r ') [=l r+ <■ - 'H VI |v “ r ‘) 


A 

— T 


r/x 


since A has measure zero. 

Following the argument in the proof of Theorem l4.8l we claim that 

(35) \E\ < lim sup I _ Jac <P p6 {x)dx. 

<s->o J^E-CIm) 

In order to prove (l35l) . we will show that Vu is Lipschitz continuous on (E\ £1: uj c £1 
by proving the following: there is a uniform constant Ci > 0 such that for each xo 6 
[E\ Q; uj, there exists 0 < ro < min(/jj, c^) such that 

(36) |Vm(xi) - L X 2 ' Xi Vu(x 2 )\ < Ci d(xi,x 2 ), Vxi,x 2 G B ro (x 0 )n^ (E;£2;uj , 

where L XlAl is the parallel transport along the minimizing geodesic joining x 2 to xi, and 
ijj > 0 and > 0 are the minimum of the injectivity radius and the convexity radius of 
xefl, respectively. See HAF1 Definition 1.2] for the notions of C 11 smoothness. 

Once Lipschitz continuity of V« on a compact set (/:; Q; uj is achieved, we deduce 
Lipschitz continuity of the maps ^.oU,( £ . n . M ) n{|Vu| > 1/it) (k e N), and b y usin 8 
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(OH since the exponential map exp |g : <5 —> M is smooth. For the proof of (l35l we apply 
the area formulate Lipschitz maps ®p.o|^ £ . n;l()n||Vu| > 1A1 (k e N), and %, S \^(eau) as in 
the proof of Theorem l4.8l Here, we remark that the area formula on Riemannian manifolds 
follows from the area formula in Euclidean space using a partition of unity. So the above 
notion of Lipschitz continuity on Jl 1 ' (E\ £2; uj, which is uniformly locally Lipschitz, suf¬ 
fices to employ the area formula in our setting. Thus a similar argument to the proof of (l25l > 
in Theorem [478] with the help of Lipschitz continuity and ( 1321 yields (l35l and therefore it 
follows from ( f34l ) that 


|£|< 


f _ J7"- 1 

JwHe&u) 



f + (n - 1)AJT 




dx. 


To complete the proof, it remains to show Lipschitz continuity of Wit on 'R 1 ' (/2; O; uj. 
We claim that there is a uniform constant Ci > 0 such that for each xo e J[ P X (/2; £2; uj , 
there is 0 < ro < minf/jj, c^) such that for any x e B, 0 (x o) n (is; £2; uj, 

(37) |m(z) - u(x) - (Wu(x), exp/ 1 z)| < C\d 2 (x,z), Vz e fi, 0 (xo). 

We put off the proof of (1371 and first prove that this claim (07l i implies (f36t . Assume that 
the claim holds. Let us fix xo 6 {E\ £2; uj , and let 0 < ro < min(/jj, c^) be a constant 

satisfying (1371 Let xi,X 2 e B ro / 2 (xo) n (E;£l;uj, r := d(x i,X 2 ) and V := exp' 1 X 2 . 

From (l37l it follows that for any z = exp ti L XuXl X with X e T Xl M and \X\ < r/4, 

|(Vm(x 2 ), exp X2 Z ) _ ( Vm ( x i)’ exp.v, 1 2 - ex P.v' (X2))| 

= |«(z) - m(xi) - (Vm(xi), exp” 1 z) - { u(z ) - u(x 2 ) - (Vm(x 2 ), exp” 1 z)} 

- (m(x 2 ) - u(x i) - (Wu(x i), exp” 1 x 2 ^j| 

<Ci {t/ 2 (xi,z) + d 2 (x 2 ,z) + d 2 (x i,x 2 )} 

<C\ |(c/(xi,x 2 ) + d(x 2 ,z)) 2 + (r/4) 2 + r 2 } < 6Cir 2 

since d(z,x o) < d(z, x 2 ) + d(x 2 ,x o) < r/4 + ro/2 < ro. Setting z = exp X] W = exp Xj L XuXl X 
for W e T X[ M, we can rewrite that 

6Cur 2 > |(Vm(x 2 ),exp” 1 z) - (v«(xi),exp” 1 z - exp” 1 (x 2 ))| 

C38) = |(Vm(x 2 ), L XuX2 X) - (Vm(xi), W - V}\ 

= \{L X2tXl Vm(x 2 ) - Vu(xi), X) - <Vm(xi), W-X-V) |. 

Recall from II API Claim 5.3] that for a fixed point xo, there are r 2 > 0 and C 2 > 0 such that 

|W-X-L|<C 2 (|V| + |X|) 3 


for any xi,x 2 e B r 2 (xo) and X e T Xl M with \X\ < 2r 2 , where V = exp,/ x 2 , and W = 
exp” 1 (exp Vi L XuXl Xj. Thus we can choose 0 < ro < r 2 sufficiently small such that 

|<Vm(x 1 ), W - X - V>| < HV«|| l . K(£;5;b)) ■ C 2 (|V| + |A|) 3 
— ' C 2 ■ 8r < Cir , 
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since |Vm| is uniformly bounded on JHj (E\ fi; u) , and |X| < r/4 = |V|/4 < ro/2. Therefore, 
by selecting ro > 0 sufficiently small, we obtain from (l38l > that for any xi,X 2 e B ro (x o) fi 
3K p (E\ fi; m) with r d(x 1; x 2 ), and X 6 T Xl M with |X| < r/4, 

|(L V 2 ^ 1 Vm(x 2 ) - Vt/(x 1 ), X)| < 7Cir 2 , 

and hence (l36l > follows since X 6 B r / 4 ( 0 ) c 7' v M is arbitrary. We refer to (IS] Proposition 
3.5] for the Euclidean case. 

Lastly, we prove (ITTI) by making use of semi-concavity and (l30l > combined with Lemma 
12.51 Let us fix xo e f/f]’ (/:; fi; ii'j. Due to Co-semiconcavity, there is small 0 < ro < 
min(/jj, 0 ^) such that u - Co<7 2 0 is geodesically concave in B ro (x 0 ) c fi. Lrom differentia¬ 
bility of 11 on ZR P X (E\ fi; u) , we deduce that for x G 7 ?, 0 (x0) n (E\ fi; m) and z G 7 ?, 0 (x0), 

u(z ) - u(x) - (Vm(x), exp ; 1 z) < C 0 {<^? 0 (z) - d* 0 O) - (v</ 2 0 (x), exp ; 1 z)} 

< 2 C 0 ^r ( Vkr 0 ) c/ 2 (x, z ) < 2 C 0 JT (z) 

by using the Taylor expansion and Lemma 12751 where —k (k > 0) is a lower bound of the 
sectional curvature on fi. 

On the other hand, if x G B ro (x 0 ) n PR p (E\ fi; ii'j fi ]|Vm| = 0], then (l30l) is satisfied with 
y = x, and it follows that for any z 6 Z?, 0 (x 0 ) c fi, 

m(z) - u(x) - ^Vt/(x), exp ; 1 z^ = u(z) - u(x) 

> --- dr' (z) > -( 2r 0 )—d 2 (x,z ) > -( 2 i'o)~ii 2 (x,z) 

P 

since 1 < p < 2. This proves (l37l > for x G B ro (x 0 ) fi ^ (E; fi; m) fi ]|Vm| = 0). Here, the 
constants 2 Co^ ( Vk%) and (2i^)~ are uniform. 

Now, consider x G 7?, 0 (x 0 ) fi (E\Ci\u \ fi ]|Vz/| > 0). Note that the corresponding 
y G E in a does not belong to Cut(x) U {x} as seen before. Let r := min (i-^, c^j /5 > 0. 
We may assume that 0 < ro < r. If d(x,y) < 3r, then -j-dr is of class C 2 in B ro ( x o ) 

since d(z,y ) < 5r for z G B, 0 (xo) c fi and r = min^, c^j /5. Lrom (l30l) . we see that for 
z G fi ro (x 0 ), 


m(z) - m(x) - (Vm(x), exp r 1 z^ 


p- l jl. p- 1 JL 

1 JP-1 , * JP- 


-dy P -'(z) + 

P P 

(5 r) ~ | ^ ^ 5 rj 


dr(x)- 

2 - p 
p-i 


——-V</ y p 1 (x), exp v 1 z 


</ 2 (z, x) 


by using the Taylor expansion and Lemma 12751 again, where -k’ (k 1 > 0) is a lower bound 
of the sectional curvature on a bounded set ]z' G M : d{z', x') < 5r, x' 6 fi). 

When d(x,y) > 3r, we define y exp r -3 r'Vdy(x) G dBy r (x). We observe that 


df 1 (x) = [dy(x) + d y (y)}^ , 

p p 

dr (z) < \dy{z) + t/ y (y)j , and r < d(z,y) < 5r, Vz 6 Z?, 0 (xo) c B 2 r 0 (x) 


since we assume 0 < ro < r. Let p(z) Jt/y(z) + d y (y)]'' ' ■ Since r < d(z,y ) < 5r for 

any z G B, 0 (x 0 ) c fi and r = min (/yy, Cjj) /5, p is smooth in B, 0 (xo), and ( f30t implies that 
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for Z e Br 0 (x 0 ), 

u(z) - u(x) > --- df' (z) + - - dy (x) > -p(z) + p(x), 

P P 

and hence 

u(z) - u(x) - (Vm(x), exp; 1 z'j > -p(z) + p(x) + (Vp(x), exp; 1 z ) 

> - (yD~p(cr(s)) ■ &(s), d1») d 2 (z, x)/2 

for some s e [0, d(x, z)], where cr is the minimal geodesic joining x to z parametrized by 
arc length. Note that <x([0, d(x, z)]) c B ro (x o), and r < d(y,cr(s )) < 5 r. Using Lemma 1231 
we see that 

(• D 2 p(o-(s )) ■ &(s), 6r{s)) < {(fy(cr(.v)) + d y (yj\ p ~' |(dy(cr(s)) + d y (yj) ( D 2 dy(cr(s )) ■ &(s), &(s)) + + 1 

< {5r + dy (x) } P_1 |^1 + ^ J dy(cr(s)) ( D 2 dy(cr(s )) • &(/), &(s>) + 1 

2 -p 

< {5r + </,(x)}'’~' {(l + d y (x)/fj (5 Vk' r) + l}, 

and hence 

2-p 

u(z) - u{x) - (Vm(x), exp; 1 ZJ>- (5r + {(l + d/rjJif ^5 r) + 1 }c/ 2 (z, x) 

2-p 

for Z := diam(Q U £), where (5r + Jj'' 1 {(l + J/r) (5 Vk 'rj + 1} depends only on p, El 

and E. This finishes the proof of (l37l > for x e B, 0 (xo) n (^E; El; uj n {|Vt/| > 0} to¬ 
gether with (l39l) . Thus we have proved (1371 ). Therefore we conclude that Vm is Lipschitz 
continuous on Jl p (p; El; uj , which completes the proof. □ 

Making use of Theorem l4.8l and Lemma l4~9l we prove the ABP type estimate for the 
p -Laplacian operator (1 < p < 2) assuming the Ricci curvature to be bounded from below. 


Lemma 4.10. Assume that 1 < p < 2 and Ric > — (n — IV/or k > 0. For a bounded 
open set El c M, let f e C(El) and u 6 C (Elj be Co-semiconcave in El for Co > 0 such 
that A p u < / in El in the viscosity sense. For a compact set E C M, we assume that 


EB'l (E; El; u ) 


C Q. Then 


|£|< 


f 

Jw!(E£. 


(P ~ 1)" 

In particular, if Ric > 0, then 


y n - l (y[K\Vu\ p - x ) ( f + . . . 

V , '—+Jif(s/f\Vu\ p - l )\dx. 


\E\ 


J m p .(E£l\u 


(E;n;u) (P ~ 1)" 


/ + 

— + 1 


dx. 


Proof. First, we recall from Lemma [3T3l that u satisfies 
(40) (|Vm| 2 +8)^ M~_ x x (D 2 u) < f + 

in O for any 6 > 0 in the sense of Definition 13. II and in the usual sense from Lemma 1X21 
Using the same notation as in the proof of Lemma l4~9l semiconcavity implies that ( 140[ i is 
satisfied pointwise in El \ N with the Hessian D 2 u in the sense of Theorem |2. 1 1 1 where it 
is twice differentiable in El\N, and a set N c El has measure zero. 
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As in the proof of Lemma l4~9l for 6 > 0, consider a regularized map <ty <5 : SR P (E\ fl; uj —> 

p-2 

M defined as 0 Pt g(x) := exp t (|Vm(x )| 2 + d) 2 Vm(x). From Lemma [4~9l ® p<5 is Lipschitz 
continuous in SR P (E: Q; u j for each 6 > 0, and 

(41) lisl^limsup I _ Jac <t> p ^(x)dx. 

S^> 0 J^(E;Q:u) 

It suffices to obtain a uniform estimate of Jac on SR 1 ’ (/:; O; u'j \ /V with respect to 
6 > 0 in terms of a lower bound -k of the Ricci curvature. First, let Rq diam (£1 U E) 
and zo e O. We choose k > 0 such that 


(42) M j [(R(e)) > -(n - 1 )k for any unit vector e e T X M and x e B 2 r 0 {zo). 


Note from Lemma l4~9l that Jac 'Iy 0 is uniformly bounded for 6 > 0 in terms of -k using 
(1401) and (l42l ). With the same notation as the proofs of Theorem 14. 8 1 and Lemma l4~9l ( 1291 
yields that for x e SR P 12; m) \ N , 


(43) 

Jac Oy^x) < Jac exp t I (|Vm(x )| 2 + d) 2 Vm(x) J • det 
|det// 5 (x) 
where we recall 


l + (p-2) 


Vm 


V« 


V|Vm| 2 + 5 Vl v «l 2 + 5 


Tl|v«|> 0 )<5(2 - p) /l + I tr//5(x) 


(/? - !){(/? - 1)|Vm| 2 + <5 )\n n 


Hs(x) := (|Vm | 2 + d) 2 D 2 u(x) + I + AT{|V«| 


2 - p Vm Vm i ,, 

" l>0l ^T r^j ® jv^j) ° fl( W 2) w- 


which is symmetric and positive semi-definite. Using (l4Qt and ( 1921 . it follows from the 
proof of m that for x € SR P £2; uj \ N, 


(44) 


det H 5 (x) < I - tr H${x) 

^ |/ + + 1 + (n - 1)^( VI|V„|- ') +A'{|v»|>o) ~ _^ | 

From (l28l> and ( l44l> . we have that for x e SR P Q; m) D {z e £2 \ N : Vm(z) = 0), 

1 


=: h(x). 


(45) 


Jac <'h ; , 0 (x) = det H s (x) < 


if + (x) + n] 


nip - 1) 

For x e SR P £2; m) D {z € £2 \ N : |Vm(z)| > 0), let 

Vm Vm 


D s (x) :=! + (/?- 2) 


V|Vm| 2 + 6 VlV«l 2 + 6 
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Using Theorem 12. II and the arithmetic-geometric means inequality, we deduce from (l43l > 
and (1441 that for x e 2B P (E\ £2; uj n {z e £2 \ N : [Vm(z)| > 0), 


Jac Op oix) < Jac exp, 


det (D s o H 5 ) + 


(|Vm(x )[ 2 + d) : Vm(x) 
<3 ( 2 - p ) 


(p - !){(/? - 1 )|Vm | 2 + 5} \« n 


1 1 

- + -tr H s 


y n ~' ( V^|Vm| p_i ) ' tr (D s o H (i ) 


5(2-p) 


1 - i 

. .-h h(x) " 

(p-mp-Wu\ 2 + 6}\n 

since Ric > -(n - 1 )k, and D () and H s are symmetric and positive semi-definite. Notice 
that for x e Ji p (E\ £2; n {z € £2 \ N : |V«(z)| > 0), 

tr (Ds o Hg) (x) converges to A p u(x) + Ad^.(x)/2 

fory = exp v \Wu\ p ~ 2 Wu(x) £ Cut(x) as 6 tends to 0, and 

A p u(x) + Ady(x)/2 < f + (x) + 1 + (n - u(x)\ p ~ l ) 

fromLemma l2.6l Since 0 < tr (Ds ° Hs) < tr Hs < nh » in 2B P £2; uj \ N, and JVc£2 has 
measure zero, we apply the dominated convergence theorem to deduce that 


lim sup I 

cS->0 JjfdEji: 


^(£;n;i()n(|V«|>0| 


Jac O 


' P ji< f _ y n - i (^\wur i ){^ + j(f(^\wur i )\ . 

J^(£;n;«)n(|V«|> 0 | ( n ) 


This combines with (l45l and ( 14 1 [ i to complete the proof. 


The following lemma is concerned with the ABP type estimate for viscosity solutions. 

Lemma 4.11. Assume that 1 < p < 2 and Ric > —(n — \)Kfor k > 0. For zq, Xo € M and 
0 < r < R < Rq, assume that B 4 r (zf) c Br(xq). Let f 6 C (Br(x o)) and u e C (fi«(xo)) be 
such that 


A p u < f in B r (x o), 


in the viscosity sense, 
(46) 

Then 


P-1 


u > 0 on Br(x o) \ B 4 r (zo) and inf u < 

Brizn) P 


\B r (zo)\ < 


y n ~' (2 V^o) 


/ 

J{u< 


(P - 1 )" J{u<M p }nB 4r (zo ) 


Jt? (2 x[kRq) 


r p r 


p_ 1 _p__ 

for a uniform constant M p Moreover, if r p f < 1 in B 4 ,(zo), then there exists a 

uniform constant 5 e (0,1) depending only on n, p and s/kRo, such that 


(47) 


|{« < M p } 14 B4r(Z0)\ > 5\B4 r (z 0 )\. 
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Proof. Let rj > 0. According to Lemma [L4l and Remark [3. 101 the inf-convolution u E of u 
with respect to B r (xq ) (for small e > 0) satisfies 

£ —> u uniformly in B R (x o), 


u E > -rj in B r (x 0 ) \ B 4r (zo), 
u E is C £ -semiconcave in B r (xq), 


. p - 1 

inf U E < -b 77, 

B, (a) p 


A p u E - k(n + p - 2 )\Vu e \ p 2 min |s|Vm £ | 2 , 2 to (2 Vine)} < fe in B 4r (zo) 
in the viscosity sense, where -k (k > 0) is a lower bound of the sectional curvature on 
Bm(x 0 ), C e : = ^(2 Vktf), and 

f E (z) : = sup / + , Vz e B 4 ,{zo)\ m := ||m||l“ ( £* ( jCo)) . 

Then we show that 

A p u e < f E + k(n + p - 2) max |e, 2u> (2 -\Ziiie)} in B 4r (zo) in the viscosity sense. 

Indeed, let <p e C 2 (B 4r (zo)) be such that u e -ip has a local minimum at x with Vy(x) 4- 0. If 
0 < |Vi/j(x)| < 1, then |Vi/?| p “ 2 min |s|V</j| 2 , 2w ^2-\/i«e)} < e|V</j| p < e. If |Vi/3(x)| > l,then 
\Vip\ p ~ 2 min |e|Vyj[ 2 , 2d (2 Vine)} < 2d (2 Vine) . So it follows that 

Ap^>(x) < / £ (x) + k{n + p - 2) max je, 2d (2 Vine)} . 

For small s > 0, define 

(P ~ 1 )/P 


Cr] • — 


and u E :=c r] {u E + 77 ), 


(p-i)/p + 2n' 

which satisfies ( l46l ) and 

r p A p u E = r p c p ~ l A p u E < r p c p ~ l }/ £ + kn max |e, 2d (2 Viiie)}] in B 4r (zo) 

in the viscosity sense. Using (f46l) . a similar argument to the proof of Lemma 14. 6l imnlies 

ftI (b, (zo); B 4r (zo); r^u E ) = ft[ (fi £ (zo); B r (x 0 ); rk^u E ) 

(48) v / 1 v ) 

c B 4r (z 0 ) n {u E < M p , r p \'Vu E \ p 1 < 2R 0 ) 

~ n— 1 _J1_ . n /— — JL- \ 

for M p := L j-3 p - 1 > 1, where we note that rr- l u E is differentiable in ft^ [B r {zf)\ B 4r {zo)', r p -' u E y 
Using ( |48| >, we apply Lemma l4~T0l to ri^ 7 u r in order to deduce that 

y n -U2^R 0 ) r r . , ... . 

|B, (zo)l <- — —— , „ , \r p c p [f E + kn max {e, 2d (2 Vwe)}} + n Jl? (2 V 

n'fp-l)’ 1 J^B r(zo) ;B 4r (zo);r^u s L 1 1 V V 


n n (p - 1) 

(2 V^o) r 
n"{p - 1)" J Bi , 


J B 4 r (zo)n\u E <M p ) 

Letting e go to 0 and then 7 / go to 0, we conclude that 

y n - 1 (2 v^ 0 ) 


\ pP c P 1 {/ £ + kn max {e, 2d {2 Vine)}} + njff ( 2 V^o)] 


|5 r (zo)l < 


(P ~ 1) 


kk 0) r 

^ Jlu 


{u<M„)nB 4r (z 0 ) 


r p r 


■ (2 Vk/?o) 


Lastly, 63 follows from Bishop-Gromov’s volume comparison. 
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Corollary 4.12. Assume that 1 < p < 2, and M { A (R(e)) > — (n — l)*t with k > 0 for any 
unit vector e e TM. For zo, xo e M and 0 < r < R < Rq, assume that B 4r (zo) c B R (x o). Let 
/3 > 0, and u e C(B R (x q)) be such that 

\Vu\ p - 2 Ml A (D 2 u ) - p\ Vnr 1 < r~ p in B R (x 0 ) 

in the viscosity sense, 

(49) u > 0 on B r (xq)\ B 4r (zo) and inf u<- -. 

Briza) p 

Then there exists a uniform constant 6 6 (0,1) depending only on n,p, -fizRo, A, A, and 
/3Ro, such that 

|{« < M p } n B 4 r(zo)| > £|#4r(zo)l 

for M p = > 1. 

Proof The proof is similar to Lemma B.l ll bv replacing Lemma R-.lOl bv Lemma [4~9l Let 
tj > 0. Making use of Lemmas 13.41 and 13.91 the inf-convolution u E of u with respect to 
Br(xq) (for small s > 0) satisfies 
' u E —> u uniformly in B r (xq), 

p — 1 

u e > - 1 7 in B r (x 0 ) \ B 4r (z 0 ), inf u e < -+ r/, 

flr(zo) p 

u E is C £ -semiconcave in B R (x o), 

\V u E \ p ~ 2 M~ A A (d 2 m £ ) - i<nA\Vu E \ p ~ 2 min je|Vif £ | 2 ,2to(2 Vine)} — 1 < r~ p in B 4r (zo) 

in the viscosity sense, where -k (k > 0) is a lower bound of the sectional curvature on 
B 4r (x 0 ), C e := (2 Vktf), and m := ||M|| L »(B Rto )). 

For small e > 0, consider u E := ——-— — iu E + rj) = c„ ( u E + if). Arguing simi- 

___ (P ~ 1)/P + 2 JL_ 

larly as in the proof of Le m m a |4.1 1 1 together with ( 1491 ). we deduce that 

yi'i (B r (zo); B 4r (zo); ri^u E ) - (B r (zo); B R (x 0 ); r^fi £ ) 

c B 4r (z 0 ) n {u E < M p , r p \Vii E \ p ~ ] <2R 0 }, 


and 

r p \Vu E \ p ~ 2 M a a (D 2 u e ) < c p ~ l jV’knAmaxje, 2<u^2 yfme^ + lj + 2(5Rq 

in B 4r (zo) n {r p \Vu E \ p ~ l < 27?o) in the viscosity sense. Applying Lemma |4~91 to r~u E , we 
obtain 


|Br(zo)l < 2 




(flrfeo) 


‘>B4 r (£o);rP-* u £ 


—- {c£ 1 [r p knA max {e, 2u) (2 Vine)} + l) 


+2fjRo + 


A 


P-1 


+ (n - l)AJt?\2J-R 0 


dx 


< y n ~' 2 


HI 


+2fjRo + 


A 


P-1 


B ir (z a )C\{u e <M p ) 


+ (n- l)AJf?\2j-R 0 


— [c? 1 (r p knA max je, 2 ai (2 yfm e)} + l) 


dx. 
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Letting s and 77 go to 0, we conclude that 


\B r ( Zo )\ < y n 


HI 


{«<M„}nB 4 r (z 0 ) 


L1 1 + mo + 


A 


1 


+ (n - 1 )A 


( 2 Vx«» 


Since Ric(e, e) > M , A (R{e))/A > —(n - 1)k/A for any unit vector e e TM, this finishes the 


proof from Bishop-Gromov’s volume comparison. 


5. //-ESTIMATES 

In this section, we derive //-estimates for p-Laplacian type operators by comparing 
a viscosity solution with a barrier function, and using the volume doubling property in 
Lemma 12721 We follow a similar argument to [IS] Sections 4 and 5], but it is not straight¬ 
forward due to the existence of the cut-locus in the setting of Riemannian manifolds. 

Lemma 5.1. Let 1 < p < oo, and Ric > —(n - \)k for k > 0. For zo,*o e M and 
0 < r < R < Rq, assume that B$ r (zo) C Br(xq). There exists a large constant M > 1 such 
that if for f5 > 0, u 6 C (fi 5 r(zo)) is semiconcave in Bs,{zo), and satisfies 

u > 0 in Bsfizo), u > M in Bfizo), 

Apu-fflur 1 < r p in B^Xzq) in the viscosity sense, 

then 

u > 1 in Z? 4 r (zo), 

where M > 1 depends only on n, p, sfi<Ro, and(3 Rq. 

Proof. For a > 1 and M > 1, define 

v(x) := M {r"d(x,zo)~ a - 5~"\. 

By selecting uniform constants a > 1 and M > 1, depending only on n, p, s/kRq and fRo, 
we have 

' r p A p v - fir p \Vv\ p - 1 >2 in B Sr (z 0 ) \ (Cut(zo) U {z 0 }), 
v = 0 in dB Sr (zo), 
v > 1 in B 4r (z 0 ), 


(50) 


sup v < M 

3B r (z o) 

|Vv(jc)| >0 V* t Cut(zo) U {z 0 }, 


In fact, for x e B 5r (zo) \ (Cut(z 0 ) U jz 0 }), 


/3r p |Vv(x )| p_1 = 
and 


d Zo (x) 


aM 


d z 0 (x) 


p— 1 


Pd-Jx) < 


d Zo (x ) 


aM 


d Zn (x) 


a\ p -1 


pRo, 


r p A p v(x) = r p \Vv\ p - 2 tr {(I + (p - 2)Vd Zo ® Wd Zo ) D 2 v<^)} 


d Zo (x) 


aM 


d Zo (x) 


<?', p -1 


{(a+l)(p-l)+l-A< 2 (x)/2}, 


where we recall that Wd Zo (x) is an eigenvector of D z d Zo (x) and i) 2 (d: /2)(x) associated with 


eigenvalues 0 and 1, respectively. By using Lemma 12.61 we choose a > 1 and M > 1 
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sufficiently large to obtain 

r p A p v-fJr p |Vvr‘ > ipj J {(a + 1)0 - 1) - (n - 1)JT ( V^o) ~ Wo} 

> 5-p (ffM5-“) rl ■ 1 > 2 in B 5r (z 0 ) \ (Cut(z 0 ) U {z 0 })- 

It is easy to check other properties in ( l50t for large a > 1 and M > 1. 

Now we prove that if u-v has a minimum at an interior point x e Bs r (zo)\B r (zo), then x is 
not a cut point of zo ■ Suppose to the contrary that x e (-B 5 r (zo)\fi/-(zo))DCut(zo) is an interior 
minimum point of u-v. Note that x £ Zo if x e Cut(zo). Define fi(s) :- -M^r a s~ a ^ 2 - 5"“}. 
We notice that v = —if/ o d 2 and <// > 0 in (0, oo). By Corollary 12.81 there is a unit vector 
X e T X M such that 

timinf ^ {iA (d 2 Z0 (exp* tX)) + {d 2 Zo (exp t -tX)) - 2 i/j (j“(x))} = -oo. 

Since u-v has a minimum at an interior point x e (Bs r (zo) \ B r (zo)) n Cut(zo), we have 

-oo = hm inf ^ [if/ [d 2 Zo (exp t tX)) + if/ [d 2 Zo (exp r -tX)) - 2if/ [d^xj)] 

> - lim sup — {u (exp t tX) + u (exp v —tX) - 2u (x)}, 

/—>o t 

which is a contradiction due to semi-concavity of u. So x is not a cut point of zo- 

According to the comparison principle, we conclude that u - v > 0 in B^ r (zo) \ B r (zo) 
since v is smooth in B^rizo) \ ({zo) U Cut(zo)) with non-vanishing gradient, and u - v > 0 
on dBs r (zo) U dB r (zo). Thus (l50t implies that u > 1 in B 4 r (zo). □ 


Corollary 5.2. Let 1 < p < oo, and Ric > -(n - 1 )k for k > 0. For z.o, Xq e M and 
0 < r < R < Ro, assume that B(, r (zo) C Br(x o). There exists a large constant M > 1 such 
that ifueC satisfies 


{ u > 0 in B(, r (zo), u> M in B r (zo), 
A p u < r~ p in B(, r (zo ) in the viscosity sense, 


then 


u > 1 in B 4 r (zo), 

where M > 1 depends only on n,p, and sJkRq. 


Proof. We use again Jensen’s inf-convolution to approximate a viscosity supersolution u. 
Let r\ > 0. According to Lemma [3~4l and Remark 13. 1 01 the inf-convolution u E of u with 
respect to B(, r (zo) (for small e > 0) satisfies the following: 

u E —* u uniformly in B(, r (zo), 

u E > —n in Bbrizo), inf u E > M - n, 

Br(Z o) 

u E is C,-sem icon cave in B( tr (z.o), 

A p u E - k(ji + p - 2) [2su>(2 V»ie)} 2 |Vw e | p-1 < r~ p in B$ r (zo) 

in the viscosity sense, where —k (k > 0) is a lower bound of the sectional curvature on 
Bir(xq), C e VkR), m and a) denotes a modulus of continuity of 
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u on B^rizo)- We observe that for sufficiently small s > 0, u £ satisfies 

A p u e - -^-\Vu £ \ p ~ l < r~ p in B 5r (zo ) 
m 

in the viscosity sense. 

Let Mq > 1 be the constant as in Lemma O with p — 1//?(). Here, My > 1 depends 
only on n,p, and V^Ro-Let M := My + 1. For 0 < 77 < 1/(2 Mnl. we apply Lemma [5711 to 
u f: in order to deduce that u E > 1 in Iffizo)- By letting s go to 0, it follows that 

u > 1 + ?; > 1 in Z?4 r (zo)- □ 


Similarly, we obtain the following corollary by constructing a barrier function for non¬ 
linear p-Laplacian type operators with the help of Lemma [2~6l 


Corollary 5.3. Let 1 < p < oo, and Ai~ lA (R(e)) > — (n — l)/c with k > 0 for any unit vector 
e e TM. For zo,xo G M and 0 < r < R < /?o, assume that B(,,(zo) c Br(xq). There exists a 
large constant M > 1 such that if for p > 0, u 6 C (Bf ir (zo)j satisfies 


( u > 0 in Z?6,.(zo), u > M in B r (zo), 

\Vu\ p ~ 2 Ai\ A (D 2 u) - p\'\/u\ p ~ i < r~ p in B^ r (zo) in the viscosity sense, 

then 


u > 1 in Z?4r(zo)> 

where M > 1 depends only on n, p, s/kRo, A, A, andPR q. 


Combined with Lemmas l4.6l and l4. 1 II we have the following measure estimate. 


Corollary 5.4. Let 1 < p < oo, and Ric > — (n - 1 )k for k > 0. For zo,;ty £ M and 
0 < r < R < Rq, assume that Bzfzo) c Br(xq). There exist constants M > 1 and 0 < <5 < 1 
smc/j f/raf i/n e C(B 2 r (zo)) satisfies 

U> 0 /« B 2 r(Zo)> 

r p A p u < 1 in B 2 r (zo) in the viscosity sense, 

\{u > M) n B r (z 0 )| > (1 - «5)|B,(zb)|, 

then 


u > 1 in Bfzo), 

where M > 1 and 5 e (0,1) depend only on n, p, and sfi<Ro. 


Proof Let My = L-L^p-t > 1 and 0 < 6 < 1 be the constants as in Lemmas I4.6l and l4.1 11 
and let M\ be as in Corollary 15.21 Let M := Applying Lemmas 14.61 and 14.1 II to 

--in Bfza), we obtain that inf u > M\. From Corollary 15.21 it follows that u > 1 

p Mi B r/ 4 bo) 

in B,(za). □ 


The homogeneity of the p-Laplacian operator implies the following. 

Corollary 5.5. Let 1 < p < oo, and Ric > -(n - 1 )k for k > 0. For zo,.*o e M and 
0 < r < R < //o, assume that Boy(zx)) Cl Br(xo ). There exist constants M 1 and 0 < h < 1 
such that if for 6 > 0, u € C(B 2 ,(zo)) satisfies 
' u > 0 in B 2r (zo), 

, r p A p u < 6 P ~ X in Bzrizo) in the viscosity sense, 
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then 


u > 8 in B r (zo), 

where M > 1 and 5 e (0,1) are the constants in Corollarx \5 ,4\ 


By using Corollaries 14.7114. 12l and l5. 31 the same argument as the proof of Corollary 15.41 
yields the following measure estimate for nonlinear p-Laplacian type operators. 


Corollary 5.6. Let 1 < p < oo, and A4j A (R(e)) > — (n - 1)k with k > Ofor any unit vector 
e e TM. For zq,xq e M and 0 < r < R < Rq, assume that B 2r (zo) c B R (x o). There exist 
constants M > 1 and 0 < 6 < 1 such that if for [3 > 0 and 8 > 0, u e C(B 2r (zo)) satisfies 

u > 0 in B 2r (zo), 

. \Vu\ p ^ 2 M 2A (D 2 u) - fl\Vu\ p ~ l < 8 p ~ l r~ p in B 2r (zo) in the viscosity sense, 

|{m > 8M) n B r (zo)| > (1 - <m(zo)l, 


then 


u > 8 in Bfzo), 

where M > 1 and 5 G (0,1) depend only on n, p, -\JkRo, A, A, and f3Ro- 


Now we prove //-estimates for viscosity supersolutions by obtaining power decay of 
measure of super-level sets. 


Theorem 5.7. Let 1 < p < oo, and Ric > —(n - \)Kfor k > 0. Let xq e M and 0 < R < Rq. 
There exist constants M > 1 and 0 < 6 < 1 such that ifu& C{B 2 r(,Xq)) satisfies 

( u > 0 in B 2 r(xq), inf u < 1, 

I B r (x o) 

[ R p A p u < 1 in B 2 r (xq) in the viscosity sense. 


then 

|{« > M k } n B s (x 0 )| < (1 - <5)*|B*(xb)|, v*- = 1,2, • • • . 

Furthermore, 


\{u > /} n B r (x o)| < ct £ |B s (jc 0 )|, 

where M > 1, 5 6 (0,1), c > 0, and e e (0,1) depend only on n,p, and sfi<Ro- 


Proof. We give a sketch of the proof since the proof is similar to JTS] Theorem 5.1]. Let 
Ak := {u > M k ) n Br(x o), where M > 1 is the constant in Corollary 15.41 According to 
Corollary 15.41 we have |Ai| < (1 — - We claim that 

|A*| < (1 — coSf\BM\ Vk = 1 , 2 ,■ ■■ , 

where 0 < Co < 1 is the constant as in Lemma 12.21 and depends on n, and sJkRq. By 
induction, suppose that \A^\ < (1 — co6) k \BR(xo)\ for some k e N. Applying Corollary 15.51 
with 8 = M k , it follows that if a ball B c Br(xq) satisfies the property that \Ak+\ n B\ > 
(1 - d)|B|, then B c A/ f . Therefore, Lemma fL2l vields that 

|A t+ i| < (1 - c 0 6)\A k \ < (1 - c 0 ^ +I |^(x 0 )|, 


which finishes the proof. 


□ 


Corollary 5.8 (//-estimate). Let 1 < p < oo, and Ric > — (n - 1 )Kfor k > 0. Let xo e M 
and 0 < R < Rq. For Co > 0, let u e C(B 2 r(xq)) be a nonnegative viscosity supersolution 

of 


A p u < Co in B 2 r (x 0 ). 
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Then ^ 

It u e (x)dx\ <C\ inf u + R~ C/' 1 |, 

\Jbm I \BrM I 

where the constants e G (0,1) and C > 0 depend only on n, p, and sJkRq. 

Proof We may assume Co > 0. By applying Theorem 15.71 to -—, we 

inffisOo) u + Rp l Co ' 

deduce power decay estimate for measure of super-level sets, from which the //-esitmate 
follows. □ 


Proceeding with the same argument to the proof of Theorem l5.7l with the use of Corol- 
lary |5.61 we also obtain //-estimates for nonlinear p-Laplacian type operators; we note that 
A Ric(e, e) > Mr xt fR(e)) for any unit vector e G TM. 


Corollary 5.9 (//-estimate). Let 1 < p < oo, and M / A (R(e)) > -(n - 1)k with k > 0 
for any unit vector e G TM. Let xo G M and 0 < R < Rq. For /3 > 0 and Co > 0, let 
u 6 C(Z? 2 rC*'o)) he a nonnegative viscosity supersolution of 

\Vu\ p - 2 M- A (D 2 u) - p\ V«r 1 < C 0 in B 2 r (z 0 ). 


Then 


L 


f (x)dx 


i/f 


Br{x q) 


<CI inf u + Rp-'C, 

Br(x o) 


0 


where the constants e e (0,1) and C > 0 depend only on n, p, x/kRo, A, A, and /3Ro- 


6. Harnack inequality 


This section is devoted to the proof of Harnack inequality using the scale-invariant L f - 
estimates. We follow the method of |IS] Theorem 1.3] for the proof. 


Theorem 6.1 (Harnack inequality). Let 1 < p < oo, and Ric > —(n - 1 )k for k > 0. For 
Zo € M and 0 < R < Ro, let u G C{B 2 r(zo)) be a nonnegative viscosity solution of 

Apii = f in B 2 r(z 0 ). 


Then 


sup u 

BrUo) 


<c( 


where a constant C > 0 depends only on n,p, and s/kRo- 


inf it + R1 

\Br(Zo) 


Proof We may assume that inf u< 1 and ||/||l"(b 2 s(z 0 )) ^ R p replacing u by 

Br(Zd) 


inf s fl ( =0 ) U+R~ ll/ll 



i”(S2Kfeo» 


For a > 0 to be chosen later (depending only on n,p, and s/kRq), consider a continuous 
function 


h T (x) := t{4/3 - d Zo (x)/R\ “, Vis B 4R/3 (z 0 ), 
where r > 0 is selected to be the minimal constant such that 


u < h T in B 4R / 3 (zo)- 

Let xo G B 4R / 2 (zo) be a point such that n(xo) = h T (x o) =: Ho > 0, and let r := 4R/i / /||IAnl 6 
(0, 2R/3]. Then we have B 2r (x o) c B 4R / 2 (zo), and Ho = h T (x o) = r(2r/R) _ “. We may 
assume that r > (4/3)" and then Ho > 1; otherwise sup u < sup h T < (4/3)“ • 3“ = 4“. 

Br(zo) B r (zo) 

After using a standard covering argument, we deduce from Theorem l5.7l that 
(51) | {u > Ho/2) n B4«/3(^o)| ^ cHo € \B 4R / 2 (zo)\, 
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where the constants c > 0 and e G (0,1) depend only on n,p, and \[kRo. 
On the other hand, for a given p G (0,1), 


Define 


u < h T < r(r/Ry a (2 - p)~ a = H 0 
{~ 2 ~) Ho - u (x) 


2-p 


in fim(xo). 


u(x) 


K¥r 


1 Ho 


Vx G B Mr (x o). 


which is nonnegative, and satisfies S(xo) = 1 and 




«¥r->} 


Ho 


p -1 

(^) in B ^ Xo) ' 


Let M > 1 be the constant in Corollary 15.41 We select a large constant a > 0 and a small 
constant p G (0,1) such that 


a := 


4 log 2 D 


R 


, < — < 1, and 

(W- 1 a 


2-p 


- 1 < 


1 

2 M 


for D : = 2" cosh" 1 (6 \[kRq) since lim 


- - - —. Then u satisfies 

(¥) -i « 


(pr/2) p A p u < 1 in B flr (x 0 ), 

since p>l. Ho >l,0<p<l, and 0 < r < R. By applying Corollary 15.41 to u in B M ,(x o) 
with S(x o) = 1, we have 

which implies 


\{u <M}n Bp r/2 (x 0 )\ > 6 |B / „/ 2 (x 0 )| , 
\{u > H 0 /2} n B pr/2 (x 0 )[ > 6\Bp r/2 (xo)\, 


since 


Ho 


2-p 


-M 


2-p 


- 1 


Ho 


Combined with d5lt . we have 

5\Bp,i 2 (xo)\ < \{u > Ho/2} n Bp r/ 2 (x 0 )| 

< \{u > Ho/2} n B4«/3feo)l 

< cH 0 e \B4 R/2 (zo)\ < cH 0 £ \B SR / 2 (x 0 )\ = cr~ f 2 m j |Bsr/3(a:o)I 

(r\ ea ll6R\ loglD 

< ct -2«(-) £>(—) 

for D : = 2" cosh" -1 (6 ^/kRo) from Therefore, it follows that r is uniformly bounded 
from above since ea > logi 2), and hence sup u < sup h T < t ■ 3 a . □ 

Br(Zo) Br(zq) 

By replacing Theorem l5.7l and Corollary 15. 4l bv Corollaries 15.91 and 15.61 we have the 
following Harnack inequality for nonlinear p-Laplacian type operators. 
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Theorem 6.2. Let 1 < p < oo and M\ A {R{e)) > —(n — 1)k with k > 0 for any unit vector 
e e TM. Let zo € M and 0 < R < Rq. For j3 > 0, and Co > 0, let u be a nonnegative 

viscosity solution to 

\Vu\ p - 2 Ml K (D 2 u) -j8|Vt/r 1 < Co in B 2R (z 0 ), 

\Vu\ p ~ 2 M\ a (D 2 u) + f3\Vu\ p ~ l > -C 0 in B 2R (z 0 ). 

Then 

sup u < C 

Br(zo) 

where a constant C > 0 depends only on n, p , yfl<Ro, A- , A, and [3 Rq. 
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